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TRYGVE JOHNSEN AND ANDREAS LEOPOLD KNUTSEN 

Abstract. We study the projective models of complex Ki surfaces polarized by a line 
bundle L such that all smooth curves in |L| have non-general Clifford index. Such models 
are in a natural way contained in rational normal scrolls. 

We use this study to classify and describe all projective models of A'3 surfaces of genus 
< 10. 
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1. Introduction 

A pair (5, L) of a K3 surface 5 and a base point free line bundle L with L? = 2g — 2 
will be called a polarized K2> surface of genus g. The sections of L give a map of 5 to 
P^, and the image is called a projective model of S. When 4)1 is birational, the image is a 
surface of degree 2g' — 2 in P^. 

The following is well known: For 5 = 3 the birational projective model is a quartic 
surface and for g = A a complete intersection of a quadric and a cubic hypersurface. For 
g = 5 the general model is a complete intersection of three hyperquadrics. For 6 < (7 < 10 
and 5 = 12 it is shown by Mukai in jMulij and |Mu2j that the general projective model is 
a complete intersection in certain homogeneous varieties contained in projective spaces of 
larger dimension than g. 

We will study the projective models of a particular kind of polarized K3 surfaces. Recall 
the result of Green and Lazarsfeld |G-L4j . which states that if L is a base point free line 
bundle on a K3 surface S, then Cliff C is constant for all smooth irreducible C S and if 
Cliff C < [^^J , then there exists a line bundle M on 5 such that Mc ■= M®Oc computes 
the Clifford index of C for all smooth irreducible C G \L\. 

It therefore makes sense to define the Clifford index Cliff L of a base point free line bundle, 
or the Clifford index Cliff l(S') of a polarized K?> surface (5, L) as the Clifford index of the 
smooth curves in \L\. 

By the Existence Theorem 14.11 below we have: For any pair of integers {g,c) such that 
g '>2 and < c < [^^\ , there exists an 18-dimensional family of polarized K3 surfaces of 
genus g and of Clifford index c. 

In this paper we study and classify projective models of non-Clifford general polarized 
K3 surfaces (i.e. with c < [^-^^J) of any genus larger than two. 

The central point is that by the result of Green and Lazarsfeld, there exists in these cases 
a divisor class D on S computing the Clifford index of L. We will show that < < c + 2. 
We can choose such a divisor that is base point free and such that the general member of 
\D\ is a smooth curve. Such a divisor (class) will be called a free Clifford divisor for L. 
(The definition only depends on the class of -D.) 

The images of the members of \D\ hy 4>l span sublinear spaces inside P^'. Each subpencil 
{Dx} within the complete linear system \D\ then gives rise to a pencil of sublinear spaces. 
For each fixed pencil the union of these spaces will be a rational normal scroll T. We 
will investigate under which conditions this scroll is smooth. These scrolls are the natural 
ambient spaces for non-Clifford general K3 surfaces. 

In the cases c = 1 and 2 with = 0, the description of the projective models is 
particularly nice, since they are then complete intersections in their corresponding scrolls. 

If T is smooth, we will be able to find a resolution (up to certain invariants) of 4>l[S) 
inside T for arbitrary c. 

If T is singular, we take the blow up / : S — > 5 at the base points of the pencil 
{D\} and show that the projective model (Ph{S) of S by the base point free line bundle 
H := f*L + f*D — E, where E is the exceptional divisor, is contained in a smooth rational 
normal scroll Tq which is a desingularization of T. We find a resolution of (/>_ff(S') inside 
To and investigate the possibility of pushing down this resolution to a resolution of 4>l{S) 
inside T . 

We also give a description of those projective models for 5 < 10 that are Clifford general, 
but still not general in the sense of Mukai (i.e. they are not complete intersections in 
homogeneous spaces). These models are also contained in scrolls, and can be analysed in a 
similar manner. This can also be done for 5 = 12, which we leave to the reader. 
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Together with Mukai's results this will then give a complete picture of the birational 
projective models for g < W (and g = 12). For g = 11 and g > 13 our description of 
non-Clifford general projective models is not supplemented by any description of general 
projective models at all. We hope, however, that our description of the non-general models 
may have some interest in themselves. 

The paper is organized as follows. 

In Section 12 we recall some basic facts about rational normal scrolls, and how to obtain 
such scrolls from surfaces with pencils on them. In SectionlHlwe define the essential concept 
of a free Clifford divisor fPefinition 13. 6p . In Section we recall two important results from 
|Kn2j . the above mentioned Existence Theorem, and a similar result concerning existence 
of curves with a prescribed gonality on K3 surfaces. 

In Sectional we study in detail the singular loci of the projective model (pLiS) and the 
scroll T in which we choose to view this model as contained. We show f Theorem 15. 7p that 
we can always find a free Clifford divisor D such that the singular locus of T is "spanned" 
by the images of the base points of the pencil {-Da} and the contractions of smooth rational 
curves across the members of the pencil. A free Clifford divisor with this extra property 
will be called a perfect Clifford divisor (Definition [^J. We also include a study of the 
projective model if c = (the hyperelliptic case), which is due to Saint-Donat ^SDj . Some 
of the longer proofs of the results in this section are postponed until Section IHl 

In Section m we study the resolution of (pLiS) inside its scroll T when T is smooth. In 
this case a general hyperplane section of T is a scroll formed in a similar way from a pencil 
computing the gonality on a canonical curve C of genus g (the gonality is c-|-2). Such scrolls 
were studied in jHEj, and our results fLemma 17.11 and Proposition 17. 2p for K3 surfaces in 
smooth scrolls are quite parallel to those of pc]. 

In Section |H1 we treat the case when the scroll T is singular. The approach is to study 
the blow up / : S — > 5 at the base points of the pencil {Dx} and the projective model 
S" := ^h{S) of S by the base point free line bundle H := f*L + f*D — where E is the 
exceptional divisor. The pencil \ f*D — E\ defines a smooth rational normal scroll Tq that 
contains S" and is a desingularization of T. 

We use Koszul cohomology and techniques inspired by Green and Lazarsfeld to compute 
some Betti-numbers of the ^pl{D\) and we obtain that they all have the same Betti-numbers 
for low values of and this is a necessary and sufficient condition for "lifting" the resolutions 
of the fibers to one of the surface S" in Tq. We prove that S" is normal, and use this to 
give more details about the resolution. We give conditions under which we can push down 
the resolution to one of '^l{S) in T. Here we use results from jSc|. We end the section by 
investigating some examples for low genera. 

In Section ini we study the set of projective models in smooth scrolls for c = 1, 2 and 3 
(< L^T^J)- We study the sets of projective models in (c -|- 2)-dimensional scrolls of given 
types. Since the scroll type is dependent on which rational curves that exist on 5, and 
therefore on the Picard lattice, it is natural that the dimension of the set of models in 
question in a scroll as described, is dependent on the scroll type. We study this interplay, 
and obtain a fairly clear picture for c = 1 and 2. For c = 3 we study a Pfaffian map of 
the resolution of (piiS) in the scroll. In Remark 19.191 we predict the dimension of the set of 
projective K3 models inside a fixed smooth scroll of a given type, for arbitrary c < [^^^J - 
We state the special case c = 3 as Conjecture 19.151 

In Section ^1 we study the projective models for g < W that are Clifford general but 
not general in the sense of Mukai (i.e. they are not complete intersections in homogeneous 
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spaces). By the concrete description in |Mu2j of such surfaces, it follows that their projective 
models are also contained in scrolls. We analyse them in a similar manner. 

We conclude by giving a complete list and descripton of all birational projective models 
of K3 surfaces for g < W (including both the general one in the sense of Mukai, and the 
remaining ones, that we give a detailed classification of here) 

1.1. Acknowledgements. The authors thank Kristian Ranestad for suggesting the prob- 
lem. We are also grateful to M. Coppens, S. Ischii, S. Lekaus, R. Piene, J. Stevens, 
S. A. Str0mme, B. Toen and J. E. Vatne for useful conversations. 

This paper was written while the authors were visitors at the Department of Mathematics, 
University of Utah, and at the Max-Planck-Institut fiir Mathematik, Bonn. We thank both 
institutions for their hospitality. 

The second author was supported by a grant from the Research Council of Norway. 

1.2. Notation and conventions. We use standard notation from algebraic geometry, as 
in (Hrtsj . 

The ground field is the field of complex numbers. All surfaces are reduced and irreducible 
algebraic surfaces. 

By a K3 surface is meant a smooth surface S with trivial canonical bundle and such that 
H'^{Os) = 0. In particular h'^{Os) = 1 and xiOs) = 2. 

By a curve is always meant a reduced and irreducible curve (possibly singular). The 
adjunction formula for a curve C on a surface S reads Oc{C + Ks) ^ coc, where ljc is the 
dualising sheaf of C, which is just the canonical bundle when C is smooth. In particular, 
the arithmetic genus pa of C is given by C.(C + Ks) = 2pa — 2. 

On a smooth surface we use line bundles and divisors, as well as the multiplicative and 
additive notation, with little or no distinction. We denote by Pic S the Picard group of S, 
i.e. the group of linear equivalence classes of line bundles on S. The Hodge index theorem 
yields that if i7 G Pics' with H'^ > 0, then D'^H^ < {D.Hf for any D e Pic 5", with 
equahty if and only \i {D.H)H = H'^D. 

Linear equivalence of divisors is denoted by ~, and numerical equivalence by =. Note 
that on a K3 surface S linear and numerical equivalence is the same, so that Pic S is torsion 
free. The usual intersection product of line bundles (or divisors) on surfaces therefore makes 
the Picard group of a surface into a lattice, the Picard lattice of 5, which we also denote 
by Pic S. 

For two divisors or line bundles M and A" on a surface, we use the notation M > A to 
mean /i°(M - A) > and M > A, if in addition M - A is nontrivial. 

If L is any line bundle on a smooth surface, L is said to be numerically effective, or simply 
ne/, if L.C > for all curves C on S. In this case L is said to be big if > 0. 

If T is any coherent sheaf on a variety V , we shall denote by h^iT) the complex dimension 
of W{V,J^), and by x{^) the Euler characteristic ^( — l)*/i*(.F). In particular, iff is any 
divisor on a normal surface 5, the Riemann-Roch formula for D is x(C's(^)) = \D.{D — 
Ks) + xi^^s)- Moreover, if D is effective and nonzero and C is any line bundle on D, the 
Riemann-Roch formula for C on D is x{^) = deg£ + 1 — Pa{D) = deg£ — ^D.{D + Ks)- 

We will make use of the following results of Saint-Donat on line bundles on A3 surfaces. 
The first result will be used repeatedly, without further mention. 

Proposition 1.1. |SD[ Cor. 3.2] A complete linear system on a K3 surface has no base 
points outside of its fixed components. 

Proposition 1.2. |SD[ Prop. 2.6] Let L be a line bundle on a K3 surface S such that 
|L| 7^ and such that \L\ has no fixed components. Then either 
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(i) > and the general member of \L\ is a smooth curve of genus + 1. In this 
case h}{L) = 0, or 

(ii) = 0, then L ~ Os{kE), where k is an integer > 1 and E is a smooth curve 
of arithmetic genus 1. In this case h}{L) = k — 1 and every member of \L\ can be 
written as a sum Ei + ■ ■ ■ + E^, where Ei € \E\ for i = 1, . . . ,k. 

Lemma 1.3. [SD, 2.7] Let L be a nef line bundle on a K3 surface S. Then \L\ is not base 
point free if and only if there exist smooth irreducible curves E, F and an integer k > 2 such 
that 

Lr^kE + T, E'^ = 0, = -2, E.T = 1. 

In this case, every member of \L\ is of the form Ei + ■ ■ ■ + Ek + T, where Ei e for all i. 

To show the existence of K?> surfaces with certain divisors on it, a very useful result is 
the following by Nikulin |nI| (the formulation we use is due to Morrison): 

Proposition 1.4. |Mo| Cor. 2.9(i)] Let p < Id be an integer. Then every even lattice of 
signature (l,p— 1) occurs as the Picard group of some algebraic K?> surface. 

Consider now the group generated by the Picard-Lefschetz reflections 

(t)T : Pic S — > Pic S 

D ^ D + {D.T)T 

where T G PicS satisfies = —2. Note that a reflection leaves the intersections between 
divisors invariant. 

The following result will also be useful for our purposes: 

Proposition 1.5. |B-P-V| VIII, Prop. 3.9] A fundamental domain for this action, restricted 
to the positive cone, is the big-and-nef cone of S. 

This means that given a certain Picard lattice, we can perform Picard-Lefschetz re- 
flections on it, and thus assume that some particular line bundle chosen (with positive 
self-intersection) is nef. 

We will need some results about higher order embeddings of K?> surfaces from |Kn4j . 
which we here recall: 

Proposition 1.6. Let k > be an integer and L a big and nef line bundle on a K3 surface 
with L^ > Ak. Assume Z is a ^-dimensional subscheme of S of length hP{Oz) = k-\-l such 
that 

H\L)^H\L(^Oz) 
is not onto, and for any proper subscheme Z' of Z, the map 

H^{L) ^ H^{L®Oz') 

is onto. 

Then there exists an effective divisor D passing through Z satisfying > —2, h}{D) = 
and the numerical conditions 

(i) {ii) 
2L>2 < L.D <D'^ + k + l < 2k + 2 

(1) with equality in (i) if and only if L ^ 2D and L'^ < Ak + 4, 

and equality in (ii) if and only if L ^ 2D and L"^ = Ak + A. 

Furthermore, either L - 2D > 0, or L"^ = Ak and h^{Os{L - D) ® Oz) > d- 

Finally, if L"^ = Ak + A and L ~ 2D, then h^{Os{D) ® Jz) = 2, and if L"^ = Ak + 2 and 
D^ = k, then L 2D + T, for a smooth rational curve T satisfying T.D = 1 and Tr\Z 
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Proof. All the statements are implicitly contained in |Kn4j . but we will go through the main 
steps in the proof for the sake of the reader. 

Under the above hypotheses, it follows from the first part of the proof of [B-S| Thm. 2.1] 
or from |Tyl (1.12)] that there exists a rank 2 vector bundle E on S fitting into the exact 
sequence 

(2) 0^Os^E^L(^Jz — ^ 0, 
and such that the coboundary map 

6 : H\L Jz) H\Os) ^ C, 

is an isomorphism. In particular H^{E) = H'^{E) = and we also have det-E = L and 
C2{E) =degZ = k + l. 

Secondly, since > 4A;, one computes by Riemann-Roch 

X{E ® E*) = ci{Ef - Ac2{E) + AxiOs) > 4, 

whence > 2 by Serre duality. This means that E has nontrivial endomorphisms, 

and by standard arguments, as for instance in |D-M[ Lemma 4.4], there are line bundles M 
and N on S and a zero-dimensional subscheme A C S such that E fits in an exact sequence 

(3) — >N — >E — >M(S)Ja — ^0 

and either A'^ > M, or ^4 = and the sequence splits. In the latter case, we can and will 
assume by symmetry that N.L > M.L (which is automatically fulfilled in the first case, by 
the nefness of L). 

Combining Q and (jSJ we find 

(4) detE = Lr^ M + N and C2(^) = deg 2: = A; + 1 = M.N + deg A. 

It follows that N.L > \{N.L + M.L) > ^L^ > and iV^ = ^r.L _ M.N > - M.N > 
2k- (k + l) > -2, so iV > by Riemann-Roch. It folloms that /i°(iV^) = 0, so tensoring 
^ and (O by A^^ and taking cohomology, we get /i°(M (g) Jz) > h'^iE N"^) > 0, whence 
M > as well and there is an effective divisor D G |M| such that D ^ Z, as stated. 

Moreover, since h^{E) = h?{E) = h'^{N) = 0, we get from (EJ that h^{D) = h^{M) = 0, 
whence > —2 by Riemann-Roch. 

From Q we have M.N < A; + 1, in other words L.D < + A; + 1, and by the Hodge 
index theorem 

2{D.L)D'^ < D'^L^ < (D.L)^. 

Hence 2D^ < D.L, with equality if and only if 2D.L = L^ and L ~ 2D, in which case we 
have = AD^ < 4(/c + 1). It also follows that < D.L - = D.M < k + I, with 
equalities if and only if L ~ 2D and D^ = A; + 1, so that = 4A; + 4. This establishes the 
numerical criteria. 

Now we want to show that, possibly after interchanging M and A", either L — 2D > 0, 
or L^ = Ak and hP{N ® Jz) > 0. So assume that h^{L - 2D) = 0. Then the sequence 
idJ splits, and by arguing as above with A" and M interchanged, we find h^{N Jz) > 0. 
Since (L - 2D)'^ = - 4M.A^ > Ak - A{k + 1) = -4 and (L - 2D).L > 0, we see by 
Riemann-Roch and the Hodge index theorem that we must have (L - 2D)^ = -2 or -A. If 
(L — 2D)^ = —2, Riemann-Roch yields that 2D — L > 0. By the nefness of L we must have 
{L - 2D).L = 0, whence M.L = N.L and = A^^, and we get the desired result after 
interchanging M and A". If (L - 2D)'^ = -A, then = 4A;, as stated. 

We now prove the two last assertions. 
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If = 4A; + 4 and L ^ 2D, then from Q we get A = 0, so by tensoring (0 and ^ by 
M"^ and taking cohomology, we get /i°(M (g) J^) > (g) M"^) = 2, as stated. 

If = 4/c + 2 and Z)^ = /c, then clearly L 2Z), so by the numerical conditions above, 
we get 2k < L.D < 2k + I < 2k + 2, whence L.D = 2k + I. Moreover, we find that 
L ~ 2L» + A, for a A > satisfying A^ = -2 and A.D = 1. Since A.L = 0, we have that 
h^{A) = 1 and A is supported only on smooth rational curves, and there has to exist a 
smooth rational curve F with T.D > 0. Since L is big and nef, we get by Riemann-Roch 

= iL2 + 2 = i(2D + A)2 + 2 = i(4fc + 4-2) + 2 

< ^{2D + Tf + 2 = h^{2D + T), 

and since L is not of the particular form in Lemma 11.31 above, L is base point free, so 
we must have L ~ 2L> + T. So iV ~ D + T, and T is fixed in N. Since = and 
h^(N) = h°{D), it follows by Riemann-Roch that h^{N) = h^{D) = 0. Moreover, we see 
from Q that A = 9, and by tensoring ^ and ^ with A^^ and respectively, using 
H^iT) = H'^iN) = 0, we get h^{M®Jz) = 1 and hP{N®Jz) = 2, respectively. This means 
that we can choose two distinct elements A^i and N2 in |A^| both containing Z (scheme- 
theoretically). But since F is a base component of [A'"!, we must have Ni = Di + T and 
N2 = D2 + r, for two distinct elements Di and D2 of \D\. If Z does not meet F, we would 
have both Di and D2 containing Z (scheme-theoretically). But this contradicts the fact 
that h?{Ox{D) ® Jz) = 1. So Z meets F and we are done. □ 

Remark 1.7. If we replace the assumptions that L be big and nef with > and 
h^{L) = 0, one can check from the proof of | lB-^ Thm. 2.1] or from |Tyl (1.12)] that we 
still have a rank 2 vector bundle E on S fitting into an exact sequence as in Moreover, 
if the stronger condition > 4fc -|- 4 is fulfilled, then ci{E)'^ > 4c2(-E'), and we can use 
Bogomolov's theorem (see [Boj or fHel]) to find an exact sequnce as © with the properties 
that {N—M)'^ > and {N—M).H > for any ample line bundle on 5. These two numerical 
conditions yield with Riemann-Roch that N > M and it follows almost automatically that 
/lO(iVV) = 0, so as in the proof of Proposition Owe find that /i°(M ® Jz) > 0, h^{M) = 
and > -2. Furthermore, (01 still holds. 

Since L is not necessarily nef, we cannot assume that N.L > M.L, so we do not get the 
numerical conditions as in Proposition 11.61 

To sum up, under the assumptions of Proposition II. 6| with L being big and nef replaced 
by h^{L) = 0, and > 4/c replaced by L'^ > 4k + 4, we get the weaker result there is a 
nontrivial effective decomposition L ^ D + N such that N > N.D <k + l, h}{D) = 0, 
L>2 > -2 and D passes through Z. 

2. Surfaces in Scrolls 
In the beginning of this section we briefly review some basic facts that can be found in 

m- 

Definition 2.1. Let 8 = Opi(ei) ••• C'pi(ed), with ei > . . . > > and f = 

ei + ■ ■ ■ + ed > 2. Consider the linear system C = C'p(£-)(1) on the corresponding P'^~^- 
hundle P(£') over P^. We map P(£') into P'' with the complete linear system H^{C), where 
r = f + d — 1. The image T is by definition a rational normal scroll of type e= (ei, . . . , e^). 
The image is smooth, and isomorphic to P{£), if and only if ed > 1. 

Remark 2.2. Some authors, like in |P-Sj . use the term rational normal scroll only if > 1 
(so that T is smooth), but for our purposes it will be more convenient to use the more liberal 
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definition above. The definition of rational normal scrolls goes back at least to C. Segre, 
see [Hiil and [S^ . 

Definition 2.3. Let T be a rational normal scroll of type (ei, . . . , 6^)- We say that T is a 
scroll of maximally balanced type if ei — < 1- 

Let L be a base point free and big line bundle on a smooth surface S. We denote by 
the natural morphism 

defined by the complete linear system \L\. 
Assume that L can be decomposed as 

(5) Lr^D + F, with h°{D) > 2 and h^{F) > 2. 
Choose a 2-dimensional subspace W C H^[S,D), which then defines a pencil 

Each lpl{D\) will span a {hP{L) — h?{L — D) — l)-dimensional subspace of P^, which is 
called the linear span of (Pl{D\) and denoted by Dx. The variety swept out by these linear 
spaces, 

T = UxeFiWx C P3, 

is a rational normal scroll: 

Proposition 2.4. [H^ multiplication map 

W^H°{S,F) — > H^{S,L) 

yields a 2 x h^(F) matrix with linear entries whose 2x2 minors vanish on ipL^S). The 
variety T defined by these minors contains <fL{S) and is a rational normal scroll of degree 
f := hP{F) and dimension d := h^{L) — h^{L — D). In particular d + f = g + 1. 

Decomposing the pencil {-Da} into its moving part {D'y^ and fixed part A, 

Dx^D'^ + A, 

the type (ei, . . . , e^) of the scroll T is given by 

(6) ei = #{j I dj>i}-l, 
where 

d = dQ := h^{L) -h^{L- D), 

di := h°{L-D)-h°{L-2D' ~A), 

di := h°{L-iD' -A)-h^{L-{i + l)D' -A), 



Remark 2.5. The di form a non-increasing sequence. This follows essentially as in the 
proof of Exercise B-4 in |A-C-G-H] . using the socalled "base-point-free pencil trick". 
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Conversely, if ^l{S) is contained in a scroll T of degree /, the ruling of T will cut out 
on S a pencil of divisors (possibly with base points) {-Da} ^ \D\ with h^{L — D) = f > 2, 
whence inducing a decomposition as in (jSJ. 

For any decomposition L ^ D + F, with h?{D) > 2 and h?[F) > 2, denote by c the 
integer D.F — 2. We may assume D.L < F.L, or equivalently < F"^ . Then we have by 
the Hodge index theorem that D satisfies the numerical conditions below: 

(i) {ii) 
2L>2 < ID = 1)2 ^^^2 < 2c + 4 

with equality in (i) or (ii) if and only if L = 2D and = 4c + 8. 

Indeed, the condition D.L < F.L can be rephrased as 2D.L < L^, and by the Hodge 
index theorem 2D'^{D.L) < D^L"^ < {D.Lf, with equalities if and only if L = 2D. 
If the set 

A{L) := {D € Pic 5 | h^{D) > 2 and /i°(L - D) > 2} 
is nonempty, define the integer /i(-L) as 

/i(L) := min{L».F-2 | L D + F and D, F e A{L)} 
= mm{D.L - D"^ - 2 \ D £ ^(L)} 

and set 

A°{L) := {D e A{L) I D.{L - D) = n{L) + 2} 
For K3 surfaces we have the following result: 

Proposition 2.6. Let L be a base point free and big line bundle on a K3 surface S such that 
A{L) 7^ 0. Then IJ,{L) > and any divisor D in A^{L) will have the following properties: 

(i) the (possibly empty) base divisor A of D satisfies L.A = 0, 

(ii) h\D) = 0. 

Proof. The first statement follows from the fact that any member of the complete linear 
system of a base point free and big line bundle on a K3 surface is numerically 2-connected 
(see |SD| (3.9.6)], or |Kn4| Thm. 1.1] for a more general statement). 
We first show (i). 

If D is nef but not base point free, then by Lemma D ~ kE + F, for an integer k > 2 
and divisors E and F satisfying E"^ = 0, F^ = —2 and E.T = 1. Since L is base point free, 
we must have E.L > 2 (see [SDJ or [KHU Thm. 1.1]), so D.L- D^ = {kE+T).L- {2k-2) > 
kE.L - 2{k - 1) > E.L + 2{k - 1) - 2{k - 1) = E.L, which implies E.L = 2, /i(L) = 0, and 
as asserted F.L = 0. 

If D is not nef, there exists a smooth rational curve F such that T.D < 0. Letting D' := 
D-T and we have D' G AiL) and D'.{L-D') = D.{L - D) - L.T + 2T.D + 2 < D.{L-D), 
whence L.F = 0, T.D = -1, D'^ = D^, L.D' = L.D and D'{L - D') = D.{L -D) = c + 2. 
Continuing inductively, we get that A.L = 0, as desired. 

Since A.L = and (L> - A).L - (D - A)^ > D.L-D"^, we must have > {D-Af > 0. 

We now prove (ii). 

If h^{D) / 0, there exists by Ramanujam's lemma an effective decomposition D ~ 
Di + D2 such that D1.D2 < 0. By the Hodge index theorem (and the fact that D^ > 0) we 
can assume Df > and D| < 0, with equalities occurring simultaneously. The divisor Di 
is in A{L), and writing F := L - D we get L>i.(L + D2) = D.F + D1.D2 - D2.F > F.D, 
whence D2.F < D1.D2 < 0. But L is nef, so L»2.L = D2.D + D2.F > 0, which implies 
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D2.F = D1.D2 = Df = D2 = 0. Now the same argument works for -Di, so -Di.F = and 
we get the contradiction D.F = {Di + D2).F = 0. □ □ 

Writing L ^ D + the above result is of course symmetric in D and F. It turns out 
that we can choose one of them to have an additional property. More precisely, we have : 

Proposition 2.7. Let L be a base point free line bundle on a K2> surface S such that 
A{L) / 0. We can find a divisor D in j^{L) such that either \D\ or \L — D\ (but not 
necessarily both at the same time) is base point free and its general member is smooth and 
irreducible. If L is ample, then for any divisor D in J^iL) the above conditions will be 
satisfied for both \D\ and \L — D\. 

Proof. Let D G J^{L). Denote its base locus by A and assume it is not zero. Then L.A = 
by the previous proposition. 

If D is nef but not base point free, then D ~ kE + F as above and the smooth curve E 
will satisfy the desired conditions. 

If D is not nef, there exists a smooth rational curve F such that T.D < 0. Letting 
D' := D — F, we can argue inductively as above until we reach a divisor which is base point 
free or of the form kE + F. 

This procedure can of course not be performed on both D and L — D simultaneously, but 
if L is ample, they are both automatically base point free. 

The fact that the general member of |Z)| (or \L — D\) is a smooth curve now follows from 
Proposition 01 since h^{D) = 0. □ □ 

Remark 2.8. Note that by the proofs of the two previous propositions, if D is not nef, then 
means that given a divisor D G A{L), we can find a divisor Dq G A{L) 
satisfying the additional conditions in Proposition 12.71 and such that Dq < D^. 

3. The Clifford index of smooth curves in \L\ and the definition of the 

SCROLLS T{c,D,{Dx}) 

We briefly recall the definition and some properties of gonality and Clifford index of 
curves. 

Let C be a smooth irreducible curve of genus g > 2. We denote by a linear system of 
dimension r and degree d and say that C is k-gonal (and that k is its gonality) if C posesses 
a g\ but no g\_i. In particular, we call a 2-gonal curve hyperelliptic and a 3-gonal curve 
trigonal. We denote by gonC the gonality of C. Note that if C is /c-gonal, all g\^s must 
necessarily be base point free and complete. 

If ^ is a line bundle on C, then the Clifford index of A (introduced by H. H. Martens in 
|HMaj l is the integer 

Cliffy = deg A - 2{h^{A) - 1). 

If 5 > 4, then the Clifford index of C itself is defined as 

Cliff C = min{Cliff ^ | h^{A) > 2,h^{A) > 2}. 

Clifford's theorem then states that Cliff C > with equality if and only if C is hyperelliptic 
and Cliff C = 1 if and only if C is trigonal or a smooth plane quintic. 

At the other extreme, we get from Brill-Noether theory (cf. |A-C-C-H1 V]) that the 
gonality of C satisfies gon C < [^-^\ , whence Cliff C < ■ For the general curve of 

genus g, we have Cliff C = [^^\ ■ 

We say that a line bundle A on C contributes to the Clifford index of C if both h^{A) > 2 
and h^{A) > 2 and that it computes the Clifford index of C if in addition Cliff C = Cliff A. 
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Note that Cliffy = Cliff «) ^"^). 
The Clifford dimension of C is defined as 

m.m{h^{A) — 1 \ A computes the Chfford index of C}. 

A hne bundle A which achieves the minimum and computes the Clifford index, is said to 
compute the Clifford dimension. A curve of Clifford index c is (c + 2)-gonal if and only if it 
has Clifford dimension 1. For a general curve C, we have gonC = c + 2. 

Following |G-L4j we give ad hoc definitions of Cliff C for C of genus 2 or 3: We set 
Cliff C = for C of genus 2 or hyperelliptic of genus 3, and Cliff C = 1 for C non- 
hyperelliptic of genus 3. This convention will be used throughout the paper, with no further 
mention. 

Lemma 3.1 (Coppens-Martens |C-Mj ). The gonality k of a smooth irreducible projective 
curve C of genus g > 2 satisfies 

Cliff C + 2 < k < Cliff C + S. 

The curves satisfying gonC = Cliff C + 3 are conjectured to be very rare and called 
exceptional (cf. |GMal (4.1)]). 

Recall the following result of Green and Lazarsfeld already mentioned in the introduction: 

Theorem 3.2 (Green-Lazarsfeld |(t-L4 ]). Let L be a base point free line bundle on a K3 
surface S with L? > 0. Then Cliff C is constant for all smooth irreducible C G and if 
Cliff C < [^-^J, then there exists a line bundle M on S such that Mq ■= M<^Oc computes 
the Clifford index of C for all smooth irreducible C G |L|. 

Note that since (L — M) ® Oc — u)c ® Mc~^ , the result is symmetric in M and L — M. 
With Theorem 13.21 in mind we make the following definition: 

Definition 3.3. Let L be a base point free and big line bundle on a K3 surface. We define 
the Clifford index of L to be the Clifford index of all the smooth curves in \L\ and denote it 
by Cliff L. 

Similarly, if {S, L) is a polarized K2> surface we will often call Cliff L the Clifford index 
of S and denote it by Cliffy (5). 

Definition 3.4. A polarized K3 surface {S, L) of genus g is called Clifford general if 
Cliff L < [2^J . 

It turns out that we can choose the line bundle M appearing in Theorem 13.21 above so 
that it satisfies certain properties. We will need the following result in the sequel. 

Lemma 3.5. |Kn4[ Lemma 8.3] Let L be a base point free line bundle on a K3 surface S 
with L"^ = 2g-2>2 and Cliff L = c. 

If c < [^^J, then there exists a smooth curve D on S satisfying < < c + 2, 
2D^ < D.L (either of the latter two inequalities being an equality if and only if L ^ 2D) 
and 

Cliff C = Cliff (05(-D) Oc) = D.L-D'^ -2 
for any smooth curve C G 

It is also known (see e.g. |GMaj ) that D satisfies hP{D (g) Oc) = h^{D) and /i°((L -D)(g) 
Oc) = hP{L - D) = h^{D® Oc) for any smooth curve C G \L\. 
From the results in the previous section, it is also clear that 

CliffC = min{M^),L^J} 
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for any smooth C G \L\. 

Summarizing the results of the previous section, and using Propositions 12.61 and 12. 7| we 
have that if L is a base point free Hne bundle on a K2> surface S, of sectional genus 

g = g{L) = + 

and the smooth curves in \L\ have Clifford index 

c<L^J = L-J, 

(which in particular implies > 4c + 4), then there exists a divisor (class) D on 5 with 
the following properties (with F := L — D): 

(CI) c = D.L- - 2 = D.F -2, 

(C2) D.L < F.L (eqv. D'^ < F^) and if equality occurs, then either L r-^ 2D ox 

hP{2D - L) = 0, 
(C3) h^{D) = h^{F) = {). 

A divisor (class) D with the properties (CI) and (C2) above will be called a Clifford divisor 
for L. This means in other words that D and L — D compute the Clifford index of all 
smooth curves in \L\. The property (C2) can be considered an ordering of D and L — D. 
Any Clifford divisor will automatically fulfill property (C3) and the (possibly empty) base 
loci A' of \D\ and A of |L - D\ will satisfy L.A = L.A' = by Proposition EH 
By Proposition 12 . 71 we can find a Clifford divisor D satisfying the properties 

(C4) the (possibly empty) base divisor A of F satisfies L.A = 0, 
(C5) l-Dl is base point free and its general member is a smooth curve. 

Definition 3.6. A divisor D satisfying all properties (C1)-(C5) will he called a free Clifford 
divisor for L. 

Since this definition only depends on the class of -D, we will by abuse of notation never 
distinguish between D and its divisor class. Hopefully, this will not cause any confusion. 
From now on, for a free Clifford divisor D, the term A will always denote the base divisor 
oiF = L-D. 

Note that any Clifford divisor D will satisfy the numerical conditions: 

2L>2 < L.D = D^ + c + 2 < 2c + 4 
(*) with equality in (i) or (ii) if and only if L ~ 2D and = 4c + 8. 
In particular, 

(7) D^ <c + 2, with equality if and only li L 2D and = 4c + 8, 
and by the Hodge index theorem 

(8) D'^L^ <{L.Df = {0"^ + c+2f. 

The special limit case D^ = c + 2 (where by Q we necessarily have L ~ 2D and 
= 4c + 8) will henceforth be denoted by (Q). 

We will now take a closer look at two particular kinds of free Clifford divisors, namely: 

(a) D"^ = c + l,ox 

(b) D'^ = c, L 2D + A, with A > 0. 

It turns out that these free Clifford divisors are of a particular form. 
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Proposition 3.7. Let L be a base point free and big line bundle of Clifford index c < [^^J 
on a K3 surface, and let D be a free Clifford divisor. 
If D is as in (a) above, then = 4c + 6 and 

(EO) L ~ 2D + r, where T is a smooth rational curve satisfying T.D = 1. 

If D is as in (b) above, then = 4c+4 and (with all Tj denoting smooth rational curves) 
either 

(El) L - 2D + El + T2, D'^ = c, D.Ti = D.T2 = I, E1.E2 = 0, or 
(E2) L ~ 21) + 2Eo + 2Ei + • • • + 2EAr + 1^+1 + = c, and the following 

configuration: 

D Eo - - - Eat Eat+i 

Furthermore, there can only exist Clifford divisors of one of the three types (E0)-(E2) (on 
the same surface), and all such are linearly equivalent. 

Proof. If D is as in case (a), it follows that D is of the desired form in the same way as in 
the proof of the last statement of Proposition IL6I 

Now assume D is as in case (b). Then we have = 2D.L + A.L = 2{D'^ + c+2) = 4c+4. 
This gives = (L - 20^ = -4 and D.A = i(L.A - A^) = 2. By Proposition O below, 
any smooth rational curve E component of A such that T.D > 0, satisfies T.D = 1, and 
any two such curves are disjoint. So we have to distinguish between two cases. 

If there exist two distinct rational curves Ei and E2 in A such that Ti.D = T2.D = 1 and 
E1.E2 = 0, write L ~ 2L> + Ei + E2 + A', for some A' > 0. Then = E^.L = 2 - 2 + E^.A' 
gives A'.Ti = 0, for i = 1,2. Clearly D.A' = 0, so 

(2L» + Ei+E2).A' = 0, 

whence A' = 0, since L is numerically 2-connected, and we are in case (El). 

If there exists a rational curve E occurring with multiplicity 2 in A such that T.D = 1, 
write L ~ 2D + 2E + A', for some A' > 0. Since = E.L = 2 - 4 + A'.E, we get A'.E = 2. 
Iterating the process, we get case (E2). 

Assume now D is given and B is any free Clifford divisor as in (E0)-(E2). We want to 
show that B D. 

If D is of type (EO), we must have = 4c + 6, so B must also be of type (EO), which 
means that L ~ 2B + Eq, where E is a smooth rational curve such that B.Tq = 1. 
Since 

= Eo.L = 2D.Eo + E.Eo, 
and D is nef, we get the two possibilities 

(i) D.To = E.Eo = or (ii) D.To = 1, E = Eq. 

If (i) were to happen, we would get 

4D.B = {L- E)(L - Eo) = = 4c + 6, 

which is clearly impossible. 
Hence E = Eq and D ^ B. 

If D is of type (El) or (E2), we have = 4c + 4, so B must also be of type (El) or (E2) 
and will therefore satisfy either 
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(1) L~ 2S + ri + r^, or 

(2) L ~ 25 + 2r(, + ■ • • + 2T'^ + r'^^i + 

where the T[ are smooth rational curves with configurations as in the cases (El) and (E2). 
Assume now that D is of type (El). The proof if D is of type (E2) is similar. 
If (2) holds, we get from 

o = r;.L = 2D.r^ + ri.r; + r2.r^, 

and the fact that D is nef, that 

r,-.r^ = o or r,=r^, z = o,...,iv + 2, j = i,2. 

This gives 

AD.B = (L - El - E2)(L - 2E(, 2E'^ + E'^+i - E^+2) < = 4(c + 1), 

whence D.B < c + 1 and {D — B)'^ > —2, and by Riemann-Roch, \l D ^ B, either D — B 

01 B — D is effective. Tlie argument below is symmetric in those two cases, so assume 
D 5 + S, for S effective and > -2. Then S.L = and = -2 by the Hodge index 
theorem. Eurthermore, 

L ~ 2D + El + E2 ~ 2S + El + E2 + 2S ~ 2B + 2E() + • • • + 2E^ + E^+i + E^+2> 

whence 

2S ~ 2Eo H h 2E^ + E^_|_i + E'^^2 — Ti — E2, 

and 2S.5 = 2 - (Ei + E2).-B < 2 (since B is nef). By 

= S.L = 2B.T, + (El + E2).S + 2S^ 

we get (El + E2).S > 2, and 

2S.D = (L - El - E2).S < -2, 
contradicting the nefness of D. So we are in case (1) above and again from 

= E^L = 2L>.E^ + Ei.E^ + E2.E^, 
and the fact that D is nef, we get the three possibilities: 

(i) D.T[ = 1, E'l = El, D.T'^ = E2.E^ = 0, 

(ii) D.E^ = Ei.E^ = E2.E^ = 0, i=l,2, 

(iii) D.E^ = 1,E^ = E,, z = l,2. 

In case (i) we get the absurdity AD.B = (L - Ei - E2).(L - T[ - T'^) = 4:{c + 1) - 2. 

In case (ii) we get 4D.B = A{c + 1), whence D.B = c + 1. We calculate {D - Bf > -2, 
and by Riemann-Roch, if D ^ B, either D — B ox B — D is effective. Writing D ~ i? + E, 
for S effective and = —2, we get the same contradiction as above. 

So we are in case (iii) and B ~ D. □ □ 

The following proposition describes the case (EO) further. 

Proposition 3.8. Let L he a base point free and big line bundle on a K3 surface and let c be 
the Clifford index of all smooth curves in \L\. Then the following conditions are equivalent: 

(i) all smooth curves in \L\ are exceptional (i.e. have gonality c + 3), 

(ii) there is a free Clifford divisor of type (EO), 

(iii) all free Clifford divisors are linearly equivalent and of type (EO). 
Furthermore, if any of these conditions are satisfied, then all the smooth curves in \L\ 

have Clifford dimension r = hP{D) — 1 = ^(c + 3) and Dq computes the Clifford dimension 
of all smooth C G \L\. 
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Proof. The equivalence between (i) and (iii) follows from the proof of |Kn4| Prop. 8.6]. We 
will however go through the whole proof for the sake of the reader. 
We first prove that (i) implies (iii). 

Assume, to get a contradiction, that all smooth curves in |L| have gonality c + 3, and 
that there is a free Clifford divisor D which is not of type (EO). We claim that in this 
case, the line bundle Fd' is base point free, for any smooth D' G \D\. This clearly holds 
in the case (Q), so we can assume that < c, whence for any smooth D' £ \D\ we have 
degFf)/ = c + 2>Dq + 2 = 2g{Do), so Fjj' is base point free. By |C-P| Lemma 2.2], we 
have that there exists a smooth curve in \L\ of gonality F.D = c + 2, a contradiction. 

Next we prove that (iii) implies (i). 

By Lemma m| we have c + 2 < gon C < c + 3, for any smooth curve C G |L|. Assume, 
to get a contradiction, that there is a smooth curve C £ \L\ with gonC = c + 2. Let be 
a 5c+2 oil and pick any Z £ \A\ lying outside the finitely many rational curves T' on S 
satisfying F'.L < 2c+4 (we can find such a Z since B is base point free). By Riemann-Roch, 
one easily computes h}{Oc{Z)) = h^{ujc{—Z)) = g — 1 — c = hP{L) — c — 2. Prom the short 
exact sequence 

Q^Os^L®Jz^ ooc{-Z) — > 

we then find hP{L Jz) = hP{L) — c — 1. In particular, the restriction map H^{L) — >■ 
H^{L (g) Oz) is not surjective. One easily sees that for any proper subscheme Z' of Z, the 
map H^{L) — > H^{L (g) Oz') is surjective, since otherwise h^{OciZ')) = 2, and gonC < 
degZ' < degZ, a contradiction. So Z satisfies the conditions in Proposition 11.61 and there 
exists an effective divisor Dq passing through Z satisfying the conditions in Proposition ESI 
Since Dq.L < 2c + 4 and Z by assumption does not meet any smooth rational curve P' on 
S satisfying T'.L < 2c + 4, we must have Dq > 0. let Fq := L — Dq. Since L2 = 4c + 6, 
we have that h^{Fo) > h^{Do) > 2, so Dq G A{L), and since Dq.Fq < c + 2, we must have 
Dq.Fq = c + 2 and Dq G Aq{L), i.e. Dq is a Clifford divisor for L. By our assumptions, the 
moving part of \Dq\ is of type (EO), whence either Dq D ov Dq D + F, but the latter 
is ruled out since L — 2Dq > 0. So Dq D, and by the last statement in Proposition II. 6( 
we have that Z meets P, but this is a contradiction on our choice of Z. 

It is clear that (iii) implies (ii) and we now show that (ii) implies (iii) by showing that 
if L> is a free Clifford divisor of type (EO) and D' is any other free Clifford divisor, then 
D' ~ D. 

Let B := D- D'. Define R' := L - 2D' and note that i?' ~ 25 + P. We have 

c + 2 = D.{L- D) = {D' + B).{D' + B + T) 

= D'"^ + {2B + T).D' + B.{B + P) = c + 2 + B.{B + P), 

whence B'^ + B.T = 0. Combined with T.D = T.{D' + B) = 1, and since T.D' = or 1 by 
Lemma l6.3r c). we get 

T.D' = 1,^2 = 0,S.P = 0, 

whence 

B.R' = B.{2B + T) = and R' .D' = 2B.D' + 1. 

This gives 

L.B = 2D'.B + R'.B = 2D' .B = R' .D' - 1. 

But this implies 

B.L- B^ - 2 = R'.D' - 3 < D'V R'.D' - 2 = c, 
whence we must have B ~ 0, as desired. 
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It remains to prove the last statement. If = 2, then h?[D) = 3, and clearly all the 
smooth curves in \L\ have Clifford dimension 2, so there is nothing more to prove. We 
therefore can assume 

We first show that D cannot be decomposed into two moving classes, i.e. that we cannot 
have D ^ Di + D2, with > 2 for i = 1, 2. 

Indeed, if this were the case, then since D.T = 1, we can assume that D2.T > 1, whence 
the contradiction 

Di.L-Dl = [D-D2).L-{D-D2f = 0.1-0"^ -D2.L + 2D.D2-DI 
< D.L-D^ -D2{L-2D) = c + 2-D2.T <c + 2. 

It follows that Dc is very ample for any smooth C G \L\. Indeed, if Z is a length two 
scheme that \D\ fails to separate, then by the results in |Kn4j (see Proposition II. 6|1 and the 
fact that > 4, we have that Z is contained in a divisor B satisfying = —2, B.D = 0, 
or B^ = 0, B.D = 2, or B^ = 2, D ^ 2D. One easily sees that the two last cases would 
induce a decomposition D ^ B + {D — B) into two moving classes, which we have just seen 
is impossible. So B^ = -2 and B.D = 0. Now {D - Bf > 2 and since 

{D - B).L -{D- Bf = D.L - D^ - T.L + 2, 

we must have B.L < 1, by the condition (iii). This means that none of the smooth curves 
in \L\ contain Z, whence Dq is very ample for any smooth C G as claimed. 

Since h^{D - C) = h^{D - C) = 0, we have r := h°{D) - 1 = h^{Dc) - 1, which means 
that \D\ embeds C as a smooth curve of genus g = Ar — 2 and degree d := g — 1 inP^ . To 
show that the Clifford dimension of C is r, it suffices by |E-L-M-Sl Thm. 3.6 (Recognition 
Theorem)] to show that C (embedded by \D\) is not contained in any quadric of rank < 4. 

But if this were the case, the two rulings would induce a decomposition of D into two 
moving classes, which is impossible by the above. 

So C has Clifford dimension r. □ □ 

Remark 3.9. This result can be seen as a generalization of |SD| Rem. 7.13] and |E-L-M-S| 
Thm. 4.3]. In |E-L-M-Sl Thm. 4.3] the authors prove essentially the same as above, but 
with the hypotheses that Pic 5 ~ ZL> ZP. 

Moreover, note that for r > 3, given any of the equivalent conditions in Proposition 
13. 8( all the smooth curves in \L\ satisfy the conjecture in |E-L-M-Sl p. 175]. Indeed, one 
immediately sees that it satisfies condition (1) in that conjecture, and in |E-L-M-S] it is also 
shown that any curve satisfying condition (1) also satisfies the remaining conditions (2)- (4) 
in that conjecture. 

The following result shows that, except for one particular case, any free Clifford divisor 
is itself Clifford general. We will need this result later. 

Proposition 3.10. Let L be a base point free and big line bundle of Clifford index c < [^^\ 
on a K3 surface, and let D be a free Clifford divisor with D^ > 2. 

Then D is Clifford general (i.e. all the smooth curves in \D\ have Clifford index [ ^^^2 ^ \)' 
except for the case (Q), with c = 2 (in particular D^ = 4 and L ~ 2D), when there exists a 
smooth elliptic curve E such that E.D = 2 In this case D is hyperelliptic. 

Proof. Assume D is not Clifford general. Then we can assume D^ > 4, and there is an 
effective decomposition D A + B, with h^{A) > 2, h^{B) > 2 and A.B = CM D + 2 < 
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By symmetry, we can assume B.F > \D.F = \{c + 2). Moreover, we must have A.L — 
>c + 2. Hence 

c + 2 < A.L-A^ = A.{B + F) = D.F-B.F + A.B 

= c + 2- B.F + A.B <c + 2-]-{c + 2) + -D'^ + 1, 

2 4 

so > 2c. Combining with we get c = 2, = 4 and L ~ 2D^ as asserted. 

Since D is hyperelhptic, there either exists a smooth curve E satisfying E'^ = and 
E.D = 2, or a smooth curve B such that B^ = 2 and D ~ 2B. However, in the second we 
get the contradiction 

D.L - D"^ -2 = 6> 4. = B.L- B^ -2, 
so we must be in the first case. □ □ 

Now we return to the theory of scrolls. Let D he a free Clifford divisor. 
If = 0, then \D\ = {-DaIagpi a pencil, which defines in a natural way a scroll 
containing (fiiS). 

If > 0, then dim \D\ = ^D^ + 1 > 1, and we choose a subpencil {-DaIaspi ^ \D\ as 
follows: Pick any two smooth members Di and D2 G \D\ intersecting in distinct points 
and such that none of these points belong to the union of the finite set of curves 

(9) {r I r is a smooth rational curve, T.L < c + 2}. 
Then 

{i^AlAgpi '■= the pencil generated by Di and D2- 
The pencil {-Da} will be without fixed components (but with base points) and define 
in a natural way a scroll containing ^l{S) and of type determined as in equation ^ by the 
integers 

(10) di = h^[L-iD) -h^{L- {i + l)D), i > 0. 

Since all choices of subpencils of |D| will give scrolls of the same type, and scrolls of the 
same type are isomorphic, the scrolls arising are up to isomorphism only dependent on D. 
We denote these scrolls by T = T[c,D.,{D\}). If h?{D) = 2, we sometimes write only 

r{c,D). 

Since /i^(-L) = 0, we get by the conditions (CI) and (C5) that T has dimension 

(11) dimT = do = h^{L) - h^{F) = c + 2 + ^D^, 
and degree 

(12) degT = /iO(F) =5-c-l-^Z)2. 
Furthermore, each Dx G {^a} has linear span 

(13) ;D^ = P-+l+l^^ 

Remark 3.11. If h^{D) = r + 1 > 3, then \D\ is parametrized by a P^. For each -Da 
in \D\ we may take the linear span Dx = P'^+i+2^ . Taking the union of all these linear 
spaces, and not only of those corresponding to a subpencil of \D\, we obtain some sort of 
"ruled" variety, which perhaps is a more natural ambient variety for S' := fL{S) than the 
scrolls described above (since it is independent of a choice of pencil). Such a variety is an 
image of a p^+1+2^ -bundle over P''. The main reason why we choose to study the scrolls 
described above rather than these big "ruled" varieties, is that we know too little about the 
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latter ones to be able to use them constructively. By using the scrolls above we are able to 
utilize the results in [Hcj and in many cases find the resolutions of 0$' as an Or-niodule. 
A detailed explanation will be given in Section [HI 

4. Two EXISTENCE THEOREMS 

Given integers g > 2 and < c < [^J , one may ask whether there actually exists a 
pair (5, L), where 5 is a K3 surface, = 2g — 2 and all smooth curves in \L\ have Clifford 
index c. 

Theorem 14. II below gives a positive answer to this question. Theorem 14.41 below answers 
the same kind of question concerning the possible gonalities of a curve on a K3 surface. 

The results in this section were first given in |Kn2j . We also include the material here, 
to obtain a complete exposition. 

Theorem 4.1. Let g and c be integers such that g > 3 and < c < L^^J • Then there 
exists a polarized K3 surface of genus g and Clifford index c. 

The theorem is an immediate consequence of the following 

Proposition 4.2. Let d and g he integers such that g > 3 and 2 < d < + 2. Then 

there exists a K3 surface S with Pic 5 = ZL © ZE, where L^ = 2{g — 1), E.L = d and 
E'^ = 0. Moreover L is base point free, and 

c := CliffL = (i- 2 < l^^l 
- L 2 J 

Furthermore, E is the only Clifford divisor for L (modulo equivalence class) ifd< [^^ + 2j. 

To prove this proposition, we first need the following basic existence result: 

Lemma 4.3. Let g > 3 and d > 2 be integers. Then there exists a K3 surface S with 
PicS" = ZL © TiE, such that L is base point free and E is a smooth curve, = 2{g — 1), 
E.L = d and E"^ = 0. 

Proof. By Propositions 11.41 and II. 5| we can find a K3 surface S with Pic S = ZL © ZLJ, 
with intersection matrix 

" 2(5 - 1) d " 
d 

and such that L is nef. If L is not base point free, there exists by Proposition II. HI a curve 
B such that = and B.L = 1. An easy calculation shows that this is impossible. By 
|Kn5l Proposition 4.4], we have that \E\ contains a smooth curve. □ □ 

Proof of Proposition Let S, L and E be as in Lemma H31 with d < + 2. Note 

that since E is irreducible, we have h}{E) = 0. By the cohomology of the short exact 
sequence 

Os{E - L) ^ Os{E) Oc{E) 0, 
where C is any smooth curve in |L|, we find that h^{Oc{E)) > h^{E) = 2 and h^{Oc{E)) = 
h°{L - E) > 2, so Oc{E) contributes to the Clifford index of C and 

c< Cliff Oc(^) < E.L- E^ - 2 = d-2 < L^^J- 

If c = [^-^^J , then we are finished. If c < [^^J , then there has to exist an effective divisor 
L> on 5 satisfying 

c = Cliff OciD) = D.L - - 2. 



" L2 


L.E ■ 




E.L 


l;2 
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Since both D and L — D must be effective and E is nef, we must have 

D.E > and {L-D).E > 0. 
Writing D ~ xL + yE this is equivalent to 

> and d{l - x) > 0, 

which gives x = or 1. These two cases give, respectively, D = yE oi L — D = —yE. 
Since h}{D) = h^{L — D) = hy (C3), we must have y = I and D ^ E. This shows that 
c = E.L — E^ — 2 = d — 2 and that there are no other Clifford divisors but E (modulo 
equivalence class). □ □ 

This concludes the proof of Theorem 14.11 

The proof of this theorem also gives the following result, which is of its own interest: 

Theorem 4.4. Let g and k be integers such that g > 2 and 2 < k < [^^J . Then there 
exists a K3 surface containing a smooth curve of genus g and gonality k. 

The surfaces constructed in Proposition 14.21 all have the property that the only free 
Clifford divisor (modulo equivalence class) is a smooth elliptic curve E. One could also 
perform the same construction with lattices of the form 

" L2 l.d ' 
D.L L>2 

with > (and satisfying the constraints given by equations and ©), but for each 
pair {g, c) there might be values of that cannot occur. We will in sections El and ^2 
perform more such constructions, also with lattices of higher ranks. See Proposition 111.51 
for a result concerning low values of c. 

5. The singular locus of the surface S' and the scroll T 

We start this section by describing the image 5' := ^Pl{S) by the complete linear system 
on the K2> surface S. 

Proposition 5.1. Let L he a base point free and big line bundle on a K2> surface S, and 
denote by ipL the corresponding morphism and by c the Clifford index of the smooth curves 
in \L\. 

(i) If c = 0, ifL is 2 : 1 onto a surface of degree \L'^ , 

(ii) If c> 0, then (pi is birational onto a surface of degree L^ (in fact it is an isomor- 
phism outside of finitely many contracted smooth rational curves), and S' := ^l{S) 
is normal and has only rational double points as singularities. In particular Kgi ~ 
Os', andpa{S') = l. 

Proof. These are well-known results due to Saint-Donat |SDj (see also |Kn4j for further 
discussions). □ □ 

Let D be a free Clifford divisor and {-Da} a subpencil of chosen as described in the 
previous section. 

Define the subset V of the pencil {-Da} by 

V := {Dx € {-Da} I '■PL does not contract any component of -Da}. 

We then have 

Lemma 5.2. If c> 0, then Lo^ is very ample for all Dx G T>. 
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Proof. By |C-F| Thm. 3.1] it is sufficient to show that for any effective subdivisor A of Dx 
we have L.A > A"^ + 3. 

If A"^ > 0, then we have L.A >A'^ + c + 2>A'^+3 (which actually holds for any divisor 
Aon S). If A^ < -2, then L.A > 1 > A^ + 3, unless L.A = 0, which proves the lemma. 
□ □ 

In the rest of this section we focus on the singular locus of the rational normal scroll 
T = T{c,D,{Dx}). 

It is well-known that the singular locus of a rational normal scroll of type (ei, . . . , e^) is 
a projective space of dimension r — 1, where 

(14) r:=#{ei \ 6^ = 0}. 

From equation (jHl we have 

r = do-di = h^{L) + h°{L - 2D) - 2h^{L - D). 

By property (C2), when L ^ 2D^ we have for R := L — 2D by Riemann-Roch 

h\R) = ]^R^ + 2 + h\R). 

Note that we have h^{R) > if > 4c + 6, and h^{R) = if and only if = 4c + 4 and 
h^{R) = 0. 

If L ~ 2D, we have L*^ = ^ + 2 and hP{L - 2D) = h^{Os) = 1. In general, using 
Riemann-Roch and the fact that H^{L) = H^{L — D) = 0, we get the following expression 
for r: 



. . _(D^ + h\L-2D) if L9^2i? (equiv. L>Vc + 2), 

''~\D^-1 if L ~ 2i? (equiv. L>2 = c + 2) 

The next results will show that the term D^ (or D^ — 1) can be interpreted geometrically 
as follows: The pencil {-Da} has n = D'^ distinct base points, denote their images by ipL 
by xi, . . . ,Xn- The linear spaces D\ that sweep out the scroll T will intersect in the linear 
space spanned by these points, which we denote by < xi,. . . ,Xn >. This is a P""^ when 
L 9^ 2L» and a P"-^ when L^2D. 

Define the set 

(16) T^L,D := {r I r is a smooth rational curve, T.L = and T.D > 0}. 

The members of (Pl{{D\}) will intersect in the points {(pLiJ')}T&'R.L d ™ addition to the 
images of the D^ base points of {-Da}- If these extra points pose new independent conditions, 
they will contribute to the singular locus of T . We will show below that among all free 
Clifford divisors, we can choose one such that the term h}'{L — 2D) will correspond exactly 
to the singularities of the scroll arising from the contractions of the curves in TZl,d- 

The contraction of smooth rational curves F which are not in TZl.d, will occur in some 
fiber. Indeed, since -D.F = one calculates h^{D — F) = h?{D) — 1, whence F will be a 
component of a unique reducible member of {-Da}. Clearly, such contractions which occur 
in some fiber, and not transversally to the fibers, will not infiuence the singularities of T . 

The proofs of the next three propositions are rather long and tedious, and will therefore 
be postponed until the next section. 

Proposition 5.3. Let D he a free Clifford divisor for L and F a curve in TZl,d- 

Then D.T = 1, F.T = —1 and F is contained in the base locus A of F . As a consequence, 
A.D = i^TZL,D, where the elements are counted with the multiplicity they have in A. 
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Furthermore, if 7 is any reduced and connected effective divisor such that 7.-L = and 
7.D > 0, then D.J = 1. 

In particular, the curves in TZl,d are disjoint. 

We defined the cases (E0)-(E2) in Section |S1 We also need to define the following two 
cases for c = 0: 

(E3) L ~ 3D + 2ro + Ti, Fq and Fi are smooth rational curves, c = D2 ^ 0, L2 = 6, 

D.Fo = 1, D.Ti = 0, Fo.Fi = 1. 
(E4) L ~ 4£> + 2F, F is a smooth rational curve, c = = q, = 8, D.T = 1. 
Note that in all cases (E0)-(E4) we have h}{L — 2D) = A.D — 1. More precisely we have: 

(EO) A = F, A.L> = 1, /ii(L-2D) = 0, 

(El) A = Fi + F2, A.L» = 2, /ii(L - 21?) = 1, 

(E2) A = 2Fo + 2Fi + • • • + 2F7V + F^v+i + F^+2, A.D = 2, h\L - 2D) = 1, 

(E3) A = 2To + Ti, A.D = 2,h^{L-2D) = l, 

(E4) A = 2T, A.D = 2,h^{L-2D) = l. 

Remark 5.4. If D is any free Clifford divisor not of type (E0)-(E4), then it will follow 
from equation ^ in Section El that h^{L - 2D) > A.D. 

Proposition 5.5. Among all free Clifford divisors for L there is one, call it D, with the 
following property (denoting by A the base locus of F := L — D): 
If D is not of type (EO)-(E^), then 

h^{L-2D) = A.D. 

We will also need the following: 
Proposition 5.6. We have for D a free Clifford divisor 

h\L -2D) <^c + l- D^, 

except possibly for the case < 4c + 6 and A = 0, the cases (E0)-(E2) above, and the case 

(17) = 4c + 4,D.A = 1, A^ = -2. 
In this latter case, 

We now study the singular locus V of the scroll T. By equation (|TK|l we know its 
dimension r — 1, and in the following results we will see which points in ^Pl{S) that span 
V and how ^l{S) intersects V . We will divide the treatment into the two cases c = and 
c > 0. We recall from Proposition 15. II that these two cases are naturally different. 

We will now treat the case c > 0. Since we choose the base points of the pencil {D\} 
to be distinct and to lie outside of the finitely many curves in TZl,d, the images by of 
these points will be n = D^ distinct points in fLiS), denote them by xi, . . . , x„, and their 
preimages hy pi, ... ,pn. Let m = D.A and let 

(18) 7^L,i5 = {Fl,...,F^}, 
and define 

(19) rrii := multiplicity of Fj in A. 

Then m = ^l^iirii. Denote by yi,...,yt the images (distinct from xi,...,Xn) of the 
contractions of the curves in TZl,d, and by qi^x, . . . ,qt^\ their corresponding preimages in 
each fiber. So qi^\ = Fj n Dx. 

In the cases (E0)-(E2) of Proposition I5.5( we use the following notation: 



22 



TRYGVE JOHNSEN AND ANDREAS LEOPOLD KNUTSEN 



(EO) y = ^L{T), 

(El) yi = ^pL{Tl),y2 = <-Pl{^2), 

(E2) yo = ^L{To). 

We will denote by qi^x, q2,x and go, a their respective preimages in the fiber Dx. 

Also, recall from p. El that we denote the special case L ~ 2D by (Q). 

For each Dx G we can identify Dx with its image D'^ := ipL^Dx) on S' by Lemma 
15.21 Moreover, we clearly have that the multiplicities of the points pi, ■ ■ ■ ,Pn, Qi,x, ■ ■ ■ ■, Qt,x 
on each Dx is one, hence these points are all smooth points of -Da, and consequently all 
xi, . . . , Xn, yi, ■ ■ ■ ,yt are smooth points of D'-^. 

For any Dx G we define Zx to be the zero-dimensional subscheme of length n + m of 
Da defined by 

(20) Zx:=Pi-\ hPn + migi,AH V rritqtA- 

In particular 

t 

(21) ODdZx)^ODAD + Y,miTi). 

i=l 

This zero-dimensional scheme can, by the isomorphism between Dx and L*^, be identified 
with the following zero-dimensional subscheme of D'^, which we by abuse of notation denote 
by the same name: 

Zx=xi^ Vxn + miyi^x H h mtyt,x- 

Note that in the case (Q) all the Zx are equal to pi + ■■■+ pn and will be denoted by Z. 

In the special cases (Q), (E0)-(E2) we will also define the following zero-dimensional 
subschemes of Zx (which we again will identify to their corresponding subschemes of D'^): 

(Q) Z' ■.= pi + ---+pi + ---+pn, 
(EO) Zq^x ■■=?! + ■■■+Pn, 

(El) Zi^x--=Pi + ---+Pn + qi,x,i = l,2, 
(E2) Zo,x ■■= Pi + ■ ■ ■ + Pn + qo,x. 

By < Z > we will mean the linear span of a zero-dimensional scheme Z on S'. 
The following is the main result of this section: 

Theorem 5.7. Assume c > 0. Among all free Clifford divisors for L there is one, call it D, 
satisfying the property in Proposition \5.,'^ and with the following three additional properties: 

(a) If D is not of type (Q), (EO), (El) or (E2), then for all Dx^V we have 

V := SingT =< Zx >~ P"+™-i, 

and if D is of one of the particular types above, then: 

(Q) y =< >=< Z >~ P"-2 a//i. 
(EO) V =< Zo,x >=< Zx >~ P"-\ 
(El) V =< Zi,A >=< Z2,A >=< Zx >~ P", 
(E2) y=<Zo,A>=<ZA>~P". 

(b) V does not intersect S' (set-theoretically) outside the points in the support of Zx- 

(c) For any irreducible Dx, we have 

VnDx = Zx. 

In the theorem above, the following convention is used: P~^ = (which happens if and 
only if n = m = and implies that the scroll is smooth). 
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Remark 5.8. If D is any free Clifford divisor, we have V I)< Zx >~ 'pn+m-i ^ except in 
the cases (Q), (E0)-(E2), where the property (a) is automatically fulfilled. 

If D is not of type (El) or (E2), the properties (h) and (c) automatically hold. If D is of 
type (El) or (E2), then it might he that V intersects S' outside of the support of < Z\ > . 

The proof of Theorem 15.71 will be divided in the general case and in the special cases 
(Q), (E0)-(E2). We will only prove the two first properties. The last one will be left to the 
reader. 

In this section, we give the proofs for the general case and the cases (Q) and (EO). The 
proof of the case (El) is postponed until the next section, and the proof of the case (E2) is 
similar and therefore left to the reader. 

We will write A G P for a A such that -Da £ ^• 

Proof of Theorem Af). 71 in the general case. Let s := n + m. To prove that < Z\ >~ 'p'^+m-i 
it suffices to prove that the natural map 

H^{L) -^H^{L®Oz^) 

is surjective for all A G P. 

So assume this map is not surjective for some A. Then there exists a subscheme Z' C Zx 
of length s' < s, for some integer s' > 2 (since L is base point free), such that the map 
H^iL) H°{L (g) Oz') is not surjective, but such that the map F°(L) H°{L (g) Oz") is 
surjective for all proper subschemes Z" ^ Z' . We now use Propositions 15.51 and 15.61 

If A = and < 4c + 6, we have n = < c and m = 0, so 

> 4(c + 1) > 4(n + 1) = 4(s + 1). 
If we are in the case given by (|T7|l . we have 

> 4(c + 1) > 4(n + 2) = 4(s + 1). 

In all other cases, we have s = m + n < [^cj + 1 by Propositions 15.51 and 15. 6| so 

> 4(c + 1) > 4([^cJ + 2) > 4(s + 1). 

Therefore, by Proposition II. 6| there exists an effective divisor B passing through Z' and 
satisfying > —2, h^{B) = and the numerical conditions 

2^2 < B.L <B^ + s'< 2s'. 

If B^ > 0, then B would induce a Clifford index cb < s' — 2 < n + m — 2 on the smooth 
curves in \L\. If A = and < 4c + 6, we get the contradiction c^ < n — 2 < c — 2. If we 
are in the case given by l[T7|l . we get the contradiction CB<n — l<c — 2. Finally, in all 
other cases, we have CB<n + m — 2< [^cj, again a contradiction. 

Hence B^ = —2 and B is supported on a union of smooth rational curves. Furthermore, 
B.L < s' — 2 and B.D > s' (the last inequality follows since -Da passes through Zx)- 

We now consider the effective decomposition 

Lrs. (D + B) + {F - B). 

Firstly note that L.{D + B) < n + s' + c and {D + Bf >n + 2s' - 2, whence {F - Bf = 
{L - D - Bf >2c - n + 2 > c + 2 > so that h^{F -B)>2. 
Secondly, L.{D + B) - {D + B)'^ - 2<c-s'<c, a contradiction. 

For the second statement, it suffices to show that there is no point xq G S' —{xi, . . . , rc„, yi, . . 
such that S' has an {s + l)-secant (s — l)-plane through Zx and xq for all A. 
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Assume, to get a contradiction, that there is such a point xq. Choose any preimage po of 
xq, and denote by Xx the zero-dimensional scheme defined as the union of Zx and pq. Fix 
any A such that Dx is irreducible. 

In these terms we have that the natural map 

is not surjective. 

Then there exists a subscheme X' C Xx of length s' + 1 < s + 1, for some integer 
s' > 1, such that the map H^{L) — > H^{L Ox') is not surjective, but such that the map 
i?°(L) -^H^{L® Ox") is surjective for all proper subschemes X" ^ X' . 

Since > 4(s-|-l) by the above, there exists by Proposition again an effective divisor 
B passing through X' and satisfying > —2, h}{B) = and the numerical conditions 

< B.L <B'^ + s' + l<2s' + 2. 

As above, ifS^ > 0, we would get a contradiction on the Clifford index c. Hence B = —2 
and B is supported on a union of smooth rational curves. Furthermore, B.L < s' — 1 and 
B.D > s' (the last inequality follows since Dx is irreducible). 

As above, the effective decomposition 

Lr^{D + B) + {F -B) 

induces a Clifford index < c on the smooth curves in unless s' = 1, B.L = and 
B.D = 1. This means that po lies in some divisor which is contracted to one of the points 
yi, . . . ,yt- Hence xq is one of these points, a contradiction. □ □ 

Proof of Theorem. \5. 71 in the case L ~ 2D. It suffices to prove that if there is a point xq G 
S' — {xi, . . . ,Xi, . . . , Xn} for some i, such that S' has an n-secant (n — 2)-plane through xq 
and Z*, then xq = Xi. 

Choose any preimage po of xq, and denote by Xi the zero-dimensional scheme defined by 
Po and Z*. We will show that if the natural map 

H'^iL) ^ H\L^Ox,) 

is not surjective, then po = Pi. 

Let X' C be a subscheme of length n' < n, for some integer n' > 2, such that the map 
H^{L) ^ H^{L(g) Ox') is not surjective, but such that the map ^ H^(L® Ox") is 

surjective for all proper subschemes X" ^ X' . 

By assumption, we have n = D^ = c + 2 and = 4c + 8 = 4n. Hence, by Proposition 
II. ()| there exists an effective divisor B passing through X' and satisfying B^ > —2 and the 
numerical conditions 

(a) (6) 

25^ < L.B <B^ + n'< 2n', 

with equality in (a) or (b) implying L ~ 2B. 

Since B passes through X' , we have B.D > n' — 1, whence B.L > 2n' — 2. From the 
inequalities above, we get i?^ > n' — 2 > 0, so we have n' = n and B.L = B"^ + n, since 
otherwise B would induce a Clifford index < n — 2 = c on the smooth members of \L\. This 
leaves us with the two possibilities: 

(i) 5^ = n and L ~ 2B, or {ii) B^ = n-l. 

But in the second case, by Proposition II. 61 we have L ~ 2B + F, for F a smooth rational 
curve, which is impossible, since L ~ 2D. So we are in case (i), and B £ \D\. By the last 
assertion in Proposition 11.61 we have h^{B ® J'x') = hP{E — B) = 2, so there is a pencil P 
of divisors in |Z)| passing through X' . 
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We claim that any divisor Dq S \D\ passing through n — 1 of the points pi, . . . ,Pn, will also 
pass through the last one. Indeed, by the surjectivity of the map H^{D) H^{Od(,{D)), 
we reduce to the same statement for Odq{D). By Riemann-Roch, this is equivalent to 
hP{ODo{Z)) > 2 and Odo{Z) base point free, which are both satisfied since OooiZ) ~ 
Odq{D), and Os{D) is base point free. 

Since Z contains the points po, . . . ,pi, . . . ,pn, we have that all the members in P contain 
all the points po, . . . ,pn- Therefore, P is the pencil {Dx}, whose general member is smooth 
and irreducible. Since all the members intersect in n points, we have po = Pi, as asserted. 
□ □ 

Proof of Theorem \5.7\ in the case (EO). We first prove that < Z^ x >— P"-~^ for all A. If 
this were not true, the natural map 

H\L)^H\L®Oz,,,) 

would not be surjective for some A. 

As usual let Z' C Zq^a be a subscheme of length n' < n, for some integer n' > 2, such 
that the map H^{L) — > H^{L (g) Oz') is not surjective, but such that the map H^{L) — > 
H^(L (g) Oz") is surjective for all proper subschemes Z" ^ Z'. 

Since = 4n + 2 = 4(n — 1) + 6, we get by Proposition II .61 that there exists an effective 
divisor B passing through Z' such that B"^ > -2, h^{B) = and 

25^ < B.L <B^ + n'< 2n'. 

If > 0, we would get that B induces a Clifford index cb <n' — 2<c— Ion the 
smooth curves in a contradiction. 

So B^ = —2, and B is necessarily supported on a union of smooth rational curves, since 
h^{B) = 0. But B.L < n' - 2 < n - 2 = c - 1 and Z' consists of base points of {Dx}. This 
means that B passes through some of these base points, which contadicts the fact that we 
have chosen these base points to lie outside of smooth rational curves of degree < c + 2 with 
respect to L. 

So < Zq^x >— P""^, and by equation lfT5|l and Proposition 15.51 we know that V ~ P"~^, 
so the point y does not pose any additional conditions. 

To prove the last assertion, assume to get a contradiction that there exists a point xq £ 
S' — {xi, . . . ,Xn,y} such that 5' has an (n + l)-secant (n — l)-plane through xq and Zq^x- 
Choose any preimage po of xq and denote by Xx the zero-dimensional scheme defined by po 
and Zq^x- We then have that the natural map 

is not surjective. Fix a A. 

Again let X' C Xx be a subscheme of length n' + 1 < n + 1, for some integer n' > 1, such 
that the map H^{L) H^{L (g) Ox') is not surjective, but such that the map H^{L) — > 
H^(L (g) Ox") is surjective for all subschemes X" C X' . 

Since = 4n + 2 and L is not divisible by assumption, we get by Proposition 11.61 again 
that there exists an effective divisor B passing through X' satisfying B^ > -2, h^{B) = 
and the numerical conditions 

2^2 < B.L < ^2 + n' + 1< 2n' + 2. 

If B^ = —2 then, since Z' has length > 2, we must have that B passes through some of 
the base points of {-Da}, a contradiction as above. 

So ^2 > 0, n = n' and X' = Xx- Since /i°(L - B) > h°{B) > 2 by Proposition O again, 
we have that S is a Clifford divisor, and by Proposition 13. 8| we have D ^ B. By the last 
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statement in Proposition II. 6| we have F n X\ ^ 0, whence we conclude that pq E F. This 
gives the desired contradiction xq = y. □ □ 

It will be convenient to make the following definition: 

Definition 5.9. A free Clifford divisor satisfying the properties described in Proposition \5.fA 
and Theorem, \5. 71 inill be called a perfect Clifford divisor. 

In the next section we will prove Proposition 15.51 and Theorem 15. 7| thus proving that we 
can find a perfect Clifford divisor. 

The main advantage of choosing a perfect Clifford divisor is that we then get a nice 
description of the singular locus of T and how it intersects S' as in Theorem 15.71 above. 
This theorem states that Sing T is "spanned" by the images of the base points of the chosen 
subpencil of \D\ and the contracted curves, and moreover that it intersects S' in only these 
points. If D is not perfect, then SingT ^ Za, as seen in Remarks l5.4l a,nd 15.81 In Proposition 
18. below we will see an example where this occurs. 

It will also be practical, for classification purposes, to restrict the attention to perfect 
Clifford divisors, as we will do in Section [TTl 

Apart from this, any free Clifford divisor will be equally fit for our purposes. 

We include an additional description of the case (Q): 

Proposition 5.10. Assume D is a free Clifford divisor of type (Q) and c > 2. Then ipiiS) 
is the 2-uple embedding of (foiS), except in the special case described in Proposition 
(where c = 2 and there exists a smooth elliptic curve E such that E.D = 2, in which case 
D is hyperelliptic) . 

Proof. By [SDI Thm. 6.1] is the 2-uple embedding of ifoiS), when D is not hyperelliptic. 

Conversely, if D is hyperelliptic, then ipD is not birational, so cannot be the 2-uple 
embedding of tpDiS). 

Since we assume c > 2, we have > 4, and we can use Proposition 13.101 to conclude 
the proof. □ □ 

The special case appearing in the proposition will be thouroughly described in Proposition 
IH^ni below. 

If c = 0, there exist two kinds of (free) Clifford divisors for L, namely: 

1. = 0, D.L = 2 and 

2. L>2 = 2, L ~ 2D. 

In both these cases ^l{S) is 2 : 1 on each fiber. 
In the case c = we have the following result: 

Proposition 5.11. Assume c = 0. Let D be a free Clifford divisor for L. Then = 
and V = $ except in the following cases: 

(Q) L ~ 2D, D^ = 2, V = {x}, where x is the common image of the two base points 

of the chosen pencil {D\], 
(El) D^ = Q, L^2D + Ti+T2,V = {^l(Fi)} = Wl{T2)}, 
(E2) ^ 0, L ~ 2D + 2Fo + 2Fi + • • • + 2F;v + F^+i + Tn+2, V = {(^l(Fo)}, 
(E3) Z)2 = 0, L ~ 3D + 2Fo + Fi, y = {(^l(Fo)}, 
(E4) L>2 = 0, L~4D + 2F, F = {(/pl(F)}. 

Proof. For D^ = 0, this follows from the fact that except for the cases (E1)-(E4), the base 
locus A of L — D is zero, which is shown in the proof of |SD| Prop. 5.7]. In the other case, 
it follows from the equation (dJ. □ □ 
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All these cases have been completely described in |SD| Prop. 5.6 and 5.7]. 
When F = 0, then ^l{S) is a rational ruled surface. 

The cases where there are contractions across the fibers, are the cases (E1)-(E4). In these 
cases '^l{S) is a cone. 

In the case (Q), ^Pl{S) is the Veronese surface in P^. 

6. Postponed proofs 

In this section we will give the proofs omitted in the previous section. 

Throughout this section L will be a base point free and big line bundle of non-general 
Clifford index c. In particular, this implies > 4c + 4. 

Also we write F := L — D and R := L — 2D = F — D, and denote the (possibly zero) 
base divisor of |F| by A. Recall that L.A = and that we have h^{R) = if and only if 

= 4c + 4 and h}{R) = 0. In particular, h^{R) > implies that R> 0. 

Furthermore, we have 

Lemma 6.1. Ifh^{R) = 0, then A = 0. 

Proof. We have = 4c + 4, so we cannot be in the cases (Q) or (El), whence < c. 
Choose any smooth curve Dq S \D\ and let := F (gi Odq- Then deg Fd^ = c + 2 > 
+ 2 = 2g{Do), whence Fd^ is base point free. 

We first will show that this implies that F is nef. 

Taking cohomology of the short exact sequence 

O^R^F^Fd.^O, 

and of the same sequence tensored with — A, we get the following two exact sequences (using 
h^{R) = hP{R - A) = h^{R) = 0) 

i/0(F) H'^iFo,) 



H^{F - A) H\{F - A)z)o). 

This gives hP{{F — A)^)^) > /i''(Fdq), whence A.L> = 0, since Fuq is base point free. This 
means that for any smooth rational curve F in the support of A, we have V.D = T.F = 0. 
Hence F is nef. 

By Lemma 11.31 it now suffices to show that F is not of the type F ~ kE + F, for E 
a smooth elliptic curve and F a smooth rational curve satisfying E.T = 1 and an integer 
k > 2. But if this were the case, we would have E.L = 2 + c/k. If c 7^ 0, this would mean 
that E induces a lower Clifford index than c on the smooth curves in \L\, a contradiction. 
If c = 0, we get D.F = 2 and D"^ = 0. But this would give R^ = {F - Df > -2 and by 
Riemann-Roch, we would then get the contradiction h^{F — D) > 1. 13 □ 

By this lemma, if h^{R) = 0, the Propositions 15. 3( 15.51 and 15.61 will automatically be 
satisfied. So for the rest of this section, we will assume R > 0. 

Let Fq be the moving component of Since i? > 0, we can write Fq D + Afoi some 
divisor ^ > 0. Thus we have 

(22) Fr-.D + Rr^Fo + Ar^D + A + A, 

and 



(23) 



L~2L» + ^ + A. 



28 



TRYGVE JOHNSEN AND ANDREAS LEOPOLD KNUTSEN 



We will first study the divisors above more closely. 

Lemma 6.2. Except for the cases (E3) and (E4), the general member of \Fq\ is smooth and 
irreducible. 

Proof. Since |Fo| is base point free, by Proposition II .21 we only need to show that Fq ^ kE, 
for E a smooth elliptic curve and an integer k >2. 

Assume, to get a contradiction, that Fq ~ kE, then by l(22|l . we have D E and 
A ~ (fc - 1)^;. Let d := c + 2 = E.L > 2. 

Since L ^ {k + 1)E + A, we get = d{k + 1), so /i°(L) = d{k + l)/2 + 2, and 
hP{F) = h^{kE) =k + l. On the other hand, by equation (O, we have h^{F) = h^{L)-d. 

Combining the last three equations, we get 

k + l = d{k-l)/2 + 2, 

which is only possible if d = 2, i.e. c = 0. A case by case study as in the proof of |SD| Prop. 
5.7] establishes the lemma in this latter case. □ □ 

We gather some basic properties of R. 

Lemma 6.3. (a) If R = Ri + R2 is an effective decomposition, then R1.R2 > 0. 

(b) 7/7 is an effective divisor satisfying 7^^ = —2 and ^y.R < 0, then j.R = —1 or —2. 

(c) 7/7 is an effective divisor satisfying 7^ = —2 and ^.L = 0, then either "y.D = j.F = 
7.72 = or j.D = 1, 7.F = -1 and 'j.R = -2. 

(d) 7/r is a smooth rational curve, then T € 1Zl,d if and only ifT.R = —2 andT.L = 0. 

Proof. To prove (a), one immediately sees that if R1.R2 < 0, then the effective decomposi- 
tion L ~ (7) + Ri) + {D + R2) would induce a Clifford index < c. 

The other assertions are immediate consequences of (a). □ □ 

This concludes the proof of Proposition 15.31 

Lemma 6.4. Except for the cases (E3) and (E4), the following holds: 
/S? = -2D. A and A.A = 0. 

Proof By Lemma E21 we have h^{Fo) = 0. Prom = A.L = 2A.D + A.^ + A^, we get 

(24) A^ = -2A.D - A.A. 
Furthermore, we also have 

h\Fo) = h\F) = + Fo.A + Ia^ + 2 = h\Fo) + {D + A).A + ]^A\ 
which implies 

(25) A^ = -2A.D - 2A.A. 

Combining equations (|2i|l and (|25)l . we get A.A = and A^ = -2D. A. □ □ 

We have seen in Proposition 13. 8| that if there exists a free Clifford divisor of type (EO), 
then all free Clifford divisors are linearly equivalent and of type (EO). 
We now take a closer look at the types (El) and (E2). 

Proposition 6.5. Let L be a base point free and big line bundle of non-general Clifford 
index c on a K3 surface and let D be a free Clifford divisor of type (El) or (E2). 
If D' D is any other free Clifford divisor, then B := D — D' > and 

(26) A.D' = 0, A.B = 2,B^ = -2. 
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Proof. Let R' := L - 2D' as usual, and note that i?' ~ 25 + A. 

Since i?'^ = - 4(c + 2) = = -4, we get B"^ + B.A = 0. Combined with A.D = 
A.{D' + B) = 2, we get the two possibihties 

(a) A.D' > 2, A.B < 0, > 0, 

(b) A.D' = 0, A.B = 2, 52 = -2. 

Using D"" < c, we calculate 
(27) B.L = ^{R' -A).L = ^R'.L = ^{L-2D').L 

= ^(l2-2(L>'Vc + 2)) >2c + 2- c-c- 2 = 0. 

In case (a) we then must have B.L > by the Hodge index theorem, so > by 
Riemann-Roch. We get 

B.R' = B.{2B + A) = 52 > and R'.D' = 2B.D' + A.D' > 2B.D' + 2, 

which gives 

L.B = 2D'.B + R'.B = 2D' .B + B"^ < R'.D' + B^ -2. 

But this implies 

B.L - B'^ - 2 < R'.D' - 4 < D'V R'.D' - 2 = c, 

whence we must have ~ 0. 

So we must be in case (b), and by Riemann-Roch we have either i3 > or —B > 0. 
We see from (jSZl that B.L > unless D'^ = D"^ = c. But if the latter holds, since both 
D' and D are assumed to be free Clifford divisors (so that h}{D) = h^{D') = 0), we have 
hP{D) = h^{D'), whence D D' and S ~ 0, a contradiction. Hence D.L > 0, so S > 
and we are done. □ □ 

As seen below, we will distinguish between inclusions D' < D as in Proposition 16.51 with 
A' = and A' 7^ (where A' is the base divisor of \L — D'\). 

By Propositions K-i.71 and IH.Hl it is clear that we can choose a free Clifford divisor D with 
the two additional properties (recall that A as usual denotes the base divisor of \L — D\): 

(C6) If D' is any other free Clifford divisor such that D' > D, then A 7^ and D' is of 
type (El) or (E2). 

(C7) If D is of type (El) or (E2) above, and D' is any other free Clifford divisor satisfying 
(C6), then D' ~ D. 

Property (C6) is a maximality condition: it means that we choose a free Clifford divisor 
which is not contained in any other free Clifford divisor, unless possibly when A ^ and it 
is contained in some free Clifford divisor of type (El) or (E2). 

Property (C7) means that if we can, we will choose among all free Clifford divisors 
satisfying (C6), one that is not of type (El) or (E2). 

It turns out, as we will show in this section, that free Clifford divisors satisfying the 
additional properties (C6) and (C7) will be perfect, i.e. they will satisfy Propositions 15.51 
and Em 

Now assume R = Ri + R2 is an effective decomposition such that R1.R2 = 0. Then 
L ^ {D + Ri) + {D + R2) is an effective decomposition satisfying 

{D + Ri).{D + R2) = D^ + D.{Ri + R2) =D.F = c + 2, 

so this decomposition induces the same Clifford index c. This means that either D + Ri or 
D + R2 is a Clifford divisor. This enables us to prove the following: 
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Proposition 6.6. Assume D is not of type (E3) or (E4-) and satisfies (C6) and (C7). 
Assume furthermore that there exists an effective decomposition R = Ri + R2 such that 
R1.R2 = and such that D + Ri is a Clifford divisor. 

Then either A 7^ and D + Ri is of type (El) or (E2), or there exists a smooth rational 
curve r satisfying either 

(I) T.D = T.F = T.L = 0, T.Ri = -1, T.R2 = 1, or 

(II) T.D = 1, T.F = -1, T.L = 0, T.Ri = -2, T.R2 = 0. 

Proof. Let Di := D + Ri and D2 := D + R2. Since Di is a Clifford divisor containing D, 
we have by condition (C6) that either Di is not a free Clifford divisor, or A 7^ and Di is 
of type (El) or (E2). 

So we can assume Di is not a free Clifford divisor, which means that Di is not base point 
free. 

If Di is nef , then by Lemma II. HI it is of the form 

Di ~ lE + To, 

for some smooth elliptic curve E and smooth rational curve Tq satisfying E.Tq = 1, and 
some integer I >2. This gives 

i?i ~ (/ - 1)E + Tq and D r-. E. 

Write 

D2 = D + R2r^D + M + B, 

where B > is the base divisor of D2 and M > 0. Note that M + ~ ijj. 
We have 

(28) = Ri.R2 = {il-l)D + To).iM + B) 

= {l-l)D.M + {l-T)D.B + T0.M + T0.B. 

Also, we have an effective decomposition 

R^{{l-T)D + M + B)+To, 

such that, using l(28)l . 

(29) ((/ -l)D + M + B).To = 1-1 + To.M + Tq.B = {I - 1)(1 - D.M - D.B). 

By [Hni Lemma 3.7], if M 7^ 0, either M ~ A;L>, with D"^ = 0, for some integer /c > 1, or 
D.M > 2. In this latter case, the latter product in (pi^l would be negative, contradicting 
Lemma [(Ol So we must have M ~ kD, for some integer A; > and D.B = or 1. 
So ~ i?i + i?2 ~ (^ - 1)-D + To + M + S ~ (/c + / - 1)D + To + S and 

c + 2 = D.F = D.{D + R) = {{k + l)D + Tq + B).D < 2, 

which gives c = and B.D = 1. A short analysis as in part (b) of the proof of [SD| Lemma 
5.7.2] shows that D is then of type (E3) or (E4). 

So Di is not nef, which means that there exists a smooth rational curve T such that 
T.Di < 0, whence T is fixed in \Di\ and T.L = 0, by Proposition 12.61 Combining T.Di = 
T.D + T.Ri < -1 and = T.L = 2T.D + T.Ri + T.R2, we get 

(30) 1-T.R2<T.D < -1-T.Ri. 
Furthermore, by Lemma l6.3r bi. we have 

(31) T.R = T.Ri+T.R2> -2. 
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If -Ri = r, we are done by Lemma FTi^ c) . so we can assume that -Ri — F > 0. Then by 
Lemma ininia) we have {Ri — T).{R2 + F) = R1.R2 + T.Ri — T.R2 + 2 > 0, which imphes 

(32) T.Ri - r.R2 > -2. 
Combining l(3T|l and (|32|l . we get 

(33) -2-T.Ri <T.R2 <2 + T.Ri and F.i?i > -2. 

Combining l(33)l with (IHT)]) and Lemma lOT c). we end up with the two possibihties given by 
(I) and (II) above. □ □ 

We now need a basic lemma about A. 

Lemma 6.7. If A = 0, then D is of one of the types (E0)-(E2). 
If A? < —2, then one of the following holds: 

(a) A^ = -4, A = 0, L2 = 4c + A, 

(b) A^ = -2, A = 0, L"^ = Ac + 6, 

(c) A^ = -2, = -2, D.A = 1, l2 = 4c + 4. 

Moreover, in case (c) we have < c. 

Proof If ^ = 0, we must have -4 < A^ = i?2 < _2^ whence A^ = -4 or -2, D.A = 2 or 
1 respectively (by Lemma lOjl . and = 4c + 4 or 4c + 6 respectively. An analysis as in 
Proposition 13.71 now gives that D is as in one of the cases (E0)-(E2). 

If < -2, we have by R^ = + A"^ = L"^ - 4(c + 2) (where we have used Lemma EH) 
that either A = and we are in case (a) or (b) above, or that A"^ = —2, A^ = —2, D.A = 1 
(by Lemma lOJ and = 4c + 4, i.e. case (c). 

In this latter case, we have 

c + 2 = D.F = D'^ + D.A + D.A = D^ + D.A + 1, 

whence D^ = c + 1 — D.A. Since D + A ^ Fq is base point free, we have D.A > 2 by |SD| 
(3.9.6)], whence D'^ < c. B □ 

We can now prove Proposition 15.61 

First note that the Proposition is true for the cases (E3) and (E4), so we will from now 
on assume that we are not in any of these two cases. 

When we are not in the exceptional cases of the proposition (which are the cases (EO)- 
(E2) and the cases (a)-(c) of the last lemma), we have A ^ and > 0. In particular 
h^{A) > 2. Moreover h^{L — A) > hP{2D) > 3. From the standard exact sequence for any 
C G \L\ 

— > A-L — > A — >Ac — >0, 

we see that Ac contributes to the Clifford index of C, and moreover that h^{Ac) > h^{A). 
We first claim that 

(34) h\A) = D'^ -c-2 + D.A + h\R). 
Indeed, we have by Lemma IFT^ that h^{Fo) = 0, whence 

h''{F) = h\Fo) = h\D + A) = ^D^ + D.A+^A^ + 2 

= ^D^ + D.A + h°{A)-h\A), 
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which gives 



h\A) = H 



{R) 



h\F)-L.D + ^D'' + h\R) 

h^{A) -C-2 + D.A + h^{R) - h^{A), 



whence follows. 
Now we get 



Cliff Ac 



= degAc-2(/i»(Ac)-l) 




L.A- A^ - 2-2h\A) 



2D.A -2- 2{D^ -C-2 + D.A + h^{R)) 



2{c + l- -h\R)). 



But since Ac contributes to the Clifford index of C, we must have Cliff Ac > c, whence 
Proposition 15.61 follows. 

Before proving the next result, we will need the following easy lemma. 

Lemma 6.8. Assume D is not as in (E3) or (E4). If A Ai + A2 is an effective decom- 
position such that A1.A2 < 0, then 

A1.A2 = Ai.A = A2.A = 0, 

and either D + Ai or D + A2 is a Clifford divisor. 

Proof. By Lemma 16.41 we have A. A = 0, so we can assume (possibly after interchanging 
Ai and A2) that ^i.A < and A2.A > 0. Then R r-. Ai + {A2 + A) is an effective 
decomposition of R such that 



By Lemma a) we must have equality, whence A1.A2 = Ai.A = A2.A = 0. 

If Ai.L > A2.L (resp. A2.L > Ai.L), then clearly D + Ai (resp. D + A2) is a Clifford 
divisor by condition (C2). 

If Ai.L = A2.L, then D + Ai is not a Clifford divisor if and only if h^{{D + Ai) - {D + 
A^-i + A)) = hP{Ai — A^-i — A) > 0. Clearly this condition cannot hold for both i = 1 
and 2. So we are done. □ □ 

The next result is the crucial one to prove Proposition 15.51 

Proposition 6.9. If D satisfies (C6) and (C7), then II^{A) = except for the case (E4). 

Proof. The result is trivial \i A = Q. So we will assume >1 > 0. Also, the result is fulfilled 
in the case (E3), so we can assume D is not as in (E3) or (E4). In particular, we can use 
the Lemmas 16.41 and 16.81 

If h}{—A) = h}{A) > 0, then A cannot be numerically 1-connected, whence there exists 
a nontrivial effective decomposition A Ai + A2 such that A1.A2 < 0. By the previous 
lemma, we have A1.A2 = Ai.A = A2.A = 0, and (possibly after interchanging Ai and A2) 
we can assume that D + Ai is a Clifford divisor. 



Ai.{A2 + A) = A1.A2 + Ai.A< 0. 
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Assume first that D and D + Ai are as in the special case where A / and D' := D + Ai 
is a free Chfford divisor of type (El) or (E2), so the base divisor A' of 

F' := L - D' D + A2 + D + Ai + A' 

satisfies A'^ = -4. Furthermore, by Proposition EISl A'.D = 0, = -2 and Ai.A' = 2. 
Also, since A'.L = and D'L = F'.L, we must have Ai.L = A2.L. Also note that Ai / A2, 
since A1.A2 = 0. 

Since (^1 — A2).L = 0, we must by the Hodge index theorem have = {Ai — ^2)^ < —2. 
By Lemma IHTtI and the fact that A 7^ 0, this gives us 

Aj = -2, Al = 0, A^ = -2, 

We then get from = ic + 4 = {2D + A + A).L = 2D.L + A.L = 20"^ + 2c + 4 + A.L, that 

A.L = 2(c- 

Since Ai.L = A2.L, we have 

Ai.L = A2.L = c-D'^. 

So A2 would induce a Clifford index < L.A2 — A^ — 2 = c — — 2 < c on the smooth 
curves in \L\, a contradiction. 

So we can now use Proposition 16.61 and find a smooth rational curve satisfying one of the 
two conditions: 

(I) r.z) = o, r.Ai = -1, r.(A2 + A) = 1, 

(II) r.D = 1, r.Ai = -2, r.{A2 + A) = o. 

In case (I) we get T.A = T.Fq — T.D > 0, whence T.A2 > 1. Since T.Ai = —1, we have 
Al — T > 0, and we get an effective decomposition A ~ {Ai — P) + {A2 + P) such that 

{Al - T).{A2 + P) = A1.A2 - T.A2 + T.Ai - P2 < 0, 

so by Lemma HTKl we must have P. ^2 = 1 and {Ai —T).{A2 + T) = 0. Obviously, D + Ai — T 
is a Clifford divisor, and we can now repeat the process with Ai and A2 replaced by Ai — P 
and A2 + P. This will eventually bring us in case (II) after a finite number of steps. 

So we can assume that Ai and A2 are as in case (II). Again, by T.A = T.Fq — T.D > — 1, 
we have T.A2 > 1, whence T Ai and Ai — P > 0. Since 

(^1 - p).(^2 + r) = A1.A2 - T.A2 + p.^i - p^ < -1, 

we have a contradiction by Lemma [6^ 

This concludes the proof of the proposition. □ □ 

We can now prove Proposition 15.51 

By Lemma 16.41 we can assume ^.A = and A^ = -2D. A. 

One easily sees that the base divisor of R must contain A, so h^{A) = h^{R) = h^{A-irA). 
If ^ > 0, we have 

(35) h\A) = h\A + A) = ^A^ + 2 + ^A^ + h\R) 

= h°{A)-h^{A) + D.A + h^{R), 

whence h}{R) = D.A + h}{A). If we choose D such that it satisfies (C6) and (C7), then 
h^{A) = by Proposition Eni 

If A = 0, then = A and is of one of the types (E0)-(E2) by Lemma O This 
concludes the proof of Proposition 15.51 
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Note that in the case ^ = 0, we have 

(36) 1 = h°{R) = ^R^ + 2 + h^{R) = -D.A + 2 + h\R), 

whence h^{R) = D.A — 1, as we have already noted. 

We now give the proof of Theorem 15. 71 in the case (El), which was left out in the previous 
section. The proof in the case (E2) is similar, and therefore left to the reader. 

Proof of Theorem \5. 71 in the case (El). We first show that < Zi^x >~ P" for i = 1,2 and 
any A. (Recall the definition of Zi x on p.l22l In particular, degZ^^x = n + 1.) If this were 
not true, the natural map 

would not be surjective. 

Let Z' C Zi^x be a subscheme of length n'+l < n+1, for some integer n' > 1, such that the 
map H^{L) H^{L(^Oz') is not surjective, but such that the map H^{L) H^{L(^Oz") 
is surjective for all proper subschemes Z" ^ Z' . 

Since = 4c + 4 = 4(n + 1), we have by Proposition 11.61 that there exists an effective 
divisor B passing through Z' such that B'^ > -2, h^{B) = and 

25^ < B.L < B^ + n' + 1 <2n' + 2. 

If > 0, we would get that B induces a Clifford index cb < n' — 1 <c— Ion the 
smooth curves in |L|, a contradiction. 

So B^ = —2, and B is necessarily supported on a union of smooth rational curves, since 
h}-{B) = 0. But B.L <n' — l<n — l = c — 1 and Z' has length > 2, so i? passes through 
some of the base points of {-Da}. This contradicts the fact that we have chosen these base 
points to lie outside of smooth rational curves of degree < c + 2 with respect to L. 

To prove the second assertion, we will show that if there is a point xq G S'—{xi, . . . , Xn^yi} 
such that 5' has an (n + 2)-secant n-plane through xq and Zi^x, then xq = y2. By symmetry, 
this will suffice. 

As usual choose any preimage po of xq and denote by Xi^x the zero-dimensional scheme 
defined by po and Zi x- We then have that the natural map 

i/0(L) ^i/O(L0Oxi,J 

is not surjective for any A. 

As usual let Let X[ ^ C Xi^x be a subscheme of length n'^ ^ + 2 < n + 2, for some integer 
n'l A — 0) such that the map H^{L) — s- H^{L (g) O^/ ^) is not surjective, but such that the 
map H^{L) H^{L (g Oxj'^) is surjective for all proper subschemes X'^ ^ ^ X[ ^. 

bmce n = = c > 2 and = 4c + 4 = 4(n + 1), we again have by Proposition 11.61 
that there for each A exists an effective divisor Bi^x passing through Xi^x and satisfying 
B\y^> —2, h}-{Bi^x) = and the numerical conditions 

(a) (fe) 

2Blx < L.Bi^x < Blx + n'l^A + 2 < 2n'^^x + 4, 

with equality in (a) or (b) implying L ~ 2Bi x. 

Assume first that S^;^ = — 2 for some A. We then get the same contradiction on the 
choice of the base points of {-Da}, since Bi^x-L < n[ ^ < n = c. 

So we must have Bl^>0 for all A. Then n[ ^ = n, X[ ^ = Xi^x, L.Bi^x = Bf ^ + n + 2, 
and Bi x is a Clifford divisor. The moving part B[ ^ of \Bi^x\ is then a free Clifford divisor, 
so by condition (C7) we have that either B[ ^ ^ D oi there exists a free Clifford divisor Pi a 
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such that B[ ^ < Pi \ < D with the last inclusion as described in Proposition I6.5| with the 
additional property that \L — -Pi, a I has no fixed divisor, by the conditions (C6) and (C7). 
We will show that this latter case cannot occur. 

We have that Bi^x passes through Xi^x. Now a (possible) base divisor in |-Bj,A| cannot 
pass through any of the points po,...,pn, since these points lie outside all the rational 
curves contracted by L. So we must have B'-yD > n. 

In addition, by Proposition 16.51 we must have 

^~^l,A+7l,A, 

for some 71, a > satisfying "yfx~ '^^'^ ^1 x-^ ~ ^- Hence 

B[ x.L = B[^x-{L - A) = 2B[ x-D > 2n, 

so that 

B[^x^ >n-2 = D^-2. 
Since h\B[^) = h^Pi^x) = h\D) = 0, we have h^{B[^) > ^D^ + 1 > /i°(Pi,a), so 

Since \L — Pi,a| = \L — -Bi,a| has no fixed divisor, we have B[ ^ Bi^x, so Bi^x < D and 
Bi x is a free Clifford divisor. Since h?[Bi x ® J^Xi x) > 0, there must exist an element of 
\D\ of the form Bi x + ^i,a passing through Zi^x, for Ai^x > 0. But since there is only one 
element of \D\ passing through pi, . . . ,Pn,Qi,x, which we called Dx and which is smooth 
and irreducible, we have Bi x = Dx, a contradiction. 

So we must have B'^^^ D. By Proposition II .61 either L — Bi^x > Bi^x, or both hP{Bi^x ® 
Jxx a) 7^ and h^{{L — Bi x) ^ Jx^ a) 7^ 0- This gives us the two possibilities: 

1- 5l,A G 1^1, 

2. Bi x £ l-^l+rj(A)) for jX-^) = 1 or 2, and there exists an Fi^x £ l^l + r3-j(A) passing 
through ^i^x- 

In case 1., since there is only one member of \D\ containing pi, . . . gi^A, which we 
called -Da, we have Bi x = ^A- But this would mean that po ^ ^A for all A, a contradiction. 

In case 2. one easily sees that the only option is po ^ which means that = 2/2, as 
desired. □ □ 

The proof of Theorem 15 .71 in the case (E2) is similar, and therefore left to the reader. 
Since we have seen that the crucial point in proving Propositon 15.51 is to prove that 
= 0, we get the following result (by checking that the proof of Theorem 15.71 goes 
through): 

Lemma 6.10. LeA D be a free Clifford divisor, not of type (El) or (E2). If h^{A) = 0, 
then D is perfect. 

7. Projective models in smooth scrolls 

Let D be a free Clifford divisor on a non-Clifford general polarized surface 5. Assume 
that T = T{c,D) = T{c, D, {Dx}) is smooth. This is equivalent to the conditions = 
and TIl,d = when D is perfect. In any case these two conditions are necessary to have T 
smooth, so \D\ has projective dimension 1 and the pencil Dx is uniquely determined. We 
recall that ^l{S) is denoted by S' . 

Since T is smooth, it can be identified with the P^-bundle F{£), where £ = C'pi(ei) © 
Cpi(e2) © • • • © C'pi(ec+2), and (ei,e2, . . . .,€£+2) is the type of the scroll. 

We will construct a resolution of the structure sheaf Os' as an Or-niodule. 
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The contents in this section will be very similar to that in [Sc], where canonical curves of 
genus g are treated. This is quite natural, since a general hyperplane section of S' is indeed 
such a canonical curve. 

The following are well-known facts about T in (see |Harj and |E-Hj ): 

(1) degT = g-c-l. 

(2) dimT = c + 2. 

(3) The Chow ring of T is Z[n, W+^T, - {g -c-l)W+^T), where 
TL is the hyperplane section, and !F is the class of the ruling. 

(4) The canonical class of T is — (c + 2)7^ + [g — c — 3)jr. 

(5) The class of S' in the Chow ring of T is (c + 2)W + (c^ + 3c - cg)W^T. 

We will need the Betti- numbers of the ipl{D\) in P'^+^. These can be found also when 
T is singular, and will be needed in this case later on. 

Lemma 7.1. Let {S,L) be a polarized K3 surface of genus g and of non-general Clifford 
index c > 0. Let D be a free Clifford divisor satisfying = 0. For c > 2, all the ipL{D\) 
in P^+^ have minimal resolutions 

Opc+i(-(c + 2)) Opc+i(-c)^-i Opc+i{-{c-l)f^-^ 

> Opc+i(-3)^2 Op.+i{-2f^ ^ Opc+i ^ 0^^(D,) 0, 



where 



For c = I all the ^pl{Dx) in P^ have the resolution 

Op2(-3) Op2 O^^^D,) 0. 

Proof. Pick any D'^^ := ipi{D\). We will show in Proposition 18.81 below that any such 
D'^ is arithmetically normal, whence projectively Cohen-Macaulay, since the D\ have pure 
dimension one. Then its Betti-numbers (see p. 0S1 below for the definition) are equal to 
those of a general hyperplane section of it. It is sufficient that the linear term defining the 
hyperplane is not a zero divisor in its coordinate ring R\. This is essentially |Nal Theorem 
27.1]. 

Now choose a sufficiently general hyperplane H\ in P^ so that C\ := H\ n S' is a smooth 
canonical curve, H\ does not contain any of the linear spaces -Da, and the hyperplane section 
A\ := H\ n D\ is not a zero divisor of R\. 

We can identify C\ with an element in and by abuse of notation write Oc^{Ax) = 
Oc^{D\) = Oc)^{D)- This linear system is complete and base point free (in fact it is 
a pencil computing the gonality) of degree c + 2 on C\. By ^3 Lemma p. 119] (where 
there is a misprint) and [HEl Proposition 4.3] the zero-dimensional scheme A\ then has the 
Betti-numbers = A = - (jfi)- 

In particular, these numbers are independent of A. □ □ 

The following result is analogous to Corollary (4.4)]. 

Proposition 7.2. Let S be a polarized i^3 surface of non-general Clifford-index c > 0, 
whose associated scroll T as above is smooth. 

(a) Os' has a unique Or-resolution (up to isomorphism) . If c = 1, the resolution is: 
— > Ori-Sn + {g- 4).F) — > Or — > Os' — > 0, 
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// c > 2, the resolution is of the following type: 
Or(-(c + 2)n + {g-c- 3)^) ^'k^lOri-cH + 

••• -^®'ll^Or{-2n + h'lT) ^Ot ^Os' 

where P,=i{%'^-[.'_^). 

(b) is self-dual: nom{F^, Ot{-{c + 2)H + {g-c- 3)J^)) ~ F^. 

(c) // allh^ > —1, then an iterated mapping cone 

3(_(, + 2)) ^ eflYc'-^^-c)] . . .] ^ c° 

is a (not necessarily minimal) resolution ofOs' as an O-pg -module. 

(d) The 6f satisfy the following polynomial equation inn if c>2: 

c + iy^ c + 2 ^ ^ 

-^y+i^"--» + c^^ ((^-^-l)(g-c-l) + (c + 2))A I ^^fc^ _^ 

Proo/. We start by proving (a). We have Da — P'^"'"^ by lfT3|l . The (fiiDx) have Betti- 
numbers f3^j = dim{Torj^^ {R, k)j) , where R is the homogeneous coordinate ring of P'^^^, 
and R\ the coordinate ring R/I\ of ifL{Dx)- Following [5^, for c > 2 it is enough to prove: 

(1) For fixed i,j the (3lj are the same for all A. 

(2) If c > 2, then pj'j = 0, unless j = i + 1 and i < c - 1, or (i, j) = (c, c + 2). 

(3) The common value = (3i i_^_l is (3i = - (j^i) for i < c- 1, and (3c,c+2 = 1- 
This follows immediately from the lemma above. 

The easier case c = 1 is dealt with in an analogous manner. 

The proof of (b) is almost identical to that of [SEl Corollary 4.4(ii)]. In our case we have 
£xfq-{Os' -.^t) = '^S' i = c, and zero otherwise, ujs' = Os', and tuq- = Ori—ic + l)Ti + 
{g-c-2,)T). 

The proof of (c) is identical to that of (SEl Corollary 4.4(iii)]. 

Denote the term i places to the left of Or in the resolution F^, by Fj. The proof of (d) 
then follows from the identity 

x{Or{nn)) - xiOs'inU)) = Y,{-'^yxmnn)). 

i 

The contribution from the Fc-term is written out separately. Moreover it is clear that 
for all large n, we have x{Fi{nrL)) = h°{Fi{nn), for all i, and xiOrinTi.)) = h°{Or{nn)) 
since H is (very) ample on T. Then one uses the following well-known fact for a > 0: 

(37) /i°(P(f),Op(£)(a7i: + 6^)) = /i°(P\Sym"(^)®Opi(6)). 

□ □ 

Remark 7.3. Part (d) of the proposition only gives us the sums of the for each fixed i. 
The values n = 2, 3, . . . , c give enough equations to determine these sums. The duality of 
part (c) gives (3i = Pc-i, for i = 1, . . . , c — 1, and i 7^ c/2, and after a possible renumeration 
of the b^, for = 1, . . . , we also have = g — c — 3 — 6^ for these k. In particular this 
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enables us to identify the sums of the 6^ with those of the g — c — 3 — h^_^. To obtain more 
information about the individual 6^ a more refined study is necessary. 

8. Projective models in singular scrolls 

Let Z? be a free Clifford divisor on a non-Clifford general polarized K?> surface (5, L). In 
this section we will make a thourough study of the case where the scroll T = T{c, D, {Dx}) 
is singular. 

Remark 8.1. As seen above, the scroll T = T(c, D, {-Da}) is singular if > or the set 
TZl^d is non-empty. Moreover T is singular if and only if one of these two conditions holds, 
if D is perfect. 

We will always assume c > 0, so that ipL : S ^ S' is birational. 

The type (ei, . . . , e^) of the scroll, where d = ^D^ + c + 2, is such that the last r of the 
Cj are zero, where r is defined as in equation ifTl)! and can be computed as in equation lfT5|l . 
As we have seen, when D is perfect we have 

' if L» is of type (Q), 

(38) r=l D^ + D.A-1 if L> is of one of the types (E0)-(E2), 

D'^ + D.A otherwise. 

We will however not assume that D is perfect, unless explicitly stated. 

Let n := and denote by pi, ■ ■ ■ ,Pn the n base points of the pencil {-Da}- Let 

s — 

be the blow up of S at pi, ... ,pn- Denote by Ei the exceptional line over pi and let 

n 

1=1 

denote the exceptional divisor. Define 

H := f*L + f*D - E. 

The first observation is: 

Lemma 8.2. H is generated by its global sections, h^{H) = and (fn is birational; in fact 
(fH is an isomorphism outside of finitely many contracted smooth rational {—2)-curves. 

Moreover, a smooth rational curve 7 is contracted by H if and only if "y = /*r, for some 
smooth rational curve T on S such that T.L = T.D = 0. 

Proof Since H -E ^ {f*L - E) + {f*D - E) is clearly nef and {H - Ef > 10, we have 
h^{H) = 0. Furthermore, since \f*D — E'l is a base point free pencil and f*L is base point 
free, H is base point free as well. 

The morphism given by \f*L\ is clearly an isomorphism outside of the n exceptional 
curves and the strict transforms of the finitely many smooth rational curves on S which are 
contracted by \L\. By our choice of pencil (seelHI), these curves do not intersect the n blown 
up points. 

Since Ei.H = 1 for all i, every exceptional curve Ei is mapped by (pn isomorphically to a 
line, so ^pn is an isomorphism along the exceptional curves. Moreover if 7 = /*r for some 
smooth rational curve F on 5 such that T.L = and T.D > then T.D = 1 by Lemma 
I6.3r c). so 7 is mapped isomorphically to a line by ipn and is an isomorphism along these 
curves as well. 
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Hence (fn is an isomorphism outside of finitely many contracted smooth rational (— 2)- 
curves, which are precisely the ones of the form /*r, for some smooth rational curve T on 
S such that T.L = T.D = 0. □ □ 

We have h°{H) = ^H.{H - E) + 2 = ^L^ + ^D^ + c + A = g + ^D^ + c + 2 = g + d + I. 
Denote by 5" the surface '^niS) in F^+d 

One easily obtains deg S" = 2g + 2c + 2 + 2D^. 

Proposition 8.3. The surface S" is normal, Pa{S") = 1, and Ks" — Os"{E'), where E' 
is the sum of lines that are {—l)-curves on S" . 

Proof. The two last assertions are immediate consequences of S" being normal, by |Ar| . 
Consider the blow-up f : S S described above. 

Denote by £h the set of irreducible curves F on 5 such that T.H = 0. Prom the Hodge 
Index theorem it follows that such a curve has negative self-intersection. Moreover, by 
Lemma 18.21 

f = /T, 

for some smooth rational curve F on 5 such that T.L = T.D = 0. Thus we can write 

£h = f*{£L - nL,D). 

Now let 6 be the fundamental cycle of a connected component of £h, P the image of 5 on 
S" and U the inverse image of an affine open neighborhood of p. To prove the normality of 
p it will be sufficient to prove the surjectivity of 

H^{U, Ou{H - 5)) H\l O-siH - ~6)), 

hence of 

H°{S, OsiH - 6)) H\6, 0-,{H - 6)). 
To show the latter, it will suffice to show 

H^{S,Og{H -2~6)) = 0. 
By the degeneration of the Leray spectral sequence 

— > H\S,f^{H -26)) — >H\S,H-26) — > {S , f^H - 25)) 
it will suffice to show that 

h\S,f,{H-25)) = h'^{S,R^f,{H-25)) = 0. 

Denote by S the divisor on 5 such that f*5 = 5. Then 6 is connected and S'^ = —2 [6 is 
in fact a fundamental cycle for a connected component of £l minus a curve T that is a tail 
of 6 and is such that T.D = 1. The fact that 6"^ = —2 can be checked by inspection for each 
of the five platonic configurations lArj). We then have 

f,{H -26) = {L + D- 26) Jz, 

where Z is the zero-dimensional scheme corresponding to the n blown up points, and 

R^f^H - 26) = R^f^{-E) ®{L + D- 26). 

Since f*OE — Oz, we have R^f^{—E) = 0, whence we are reduced to proving the vanishing 
of H\iL + D-26)(S} Jz). This will be proved in Lemma El below. □ □ 

Lemma 8.4. With the notation as above, H^{{L + D — 26) Jz) = 0. 
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Proof. We will first need the following fact: 

h}{L + D- 25) = 0. 

The proof for this is rather long and tedious, but does not involve any new ideas and is 
similar in principle to the proof of [("ol Lemma 5.3.5]. We therefore leave it to the reader. 

Note that if = 0, then Z = 0, and we are done. So we will from now on assume that 
n = L>2 > 0. 

Because of the vanishing of H^{L + D — 25), the vanishing of H^{{L + D — 25) ® J^z) is 
equivalent to the surjectivity of the map 

H^{L + D-25) — >H^{{L + D- 25) ® Oz). 

Assume, to get a contradiction, that this map is not surjective. Let Z' C Z be a sub- 
scheme of length I + 1 < n = Z?^, for some integer / > 1, such that H^{L + D — 25) — > 
H^{{L + D-25)^Oz') is not surjective, but H°{L + D-25) — > H^{{L + D -25)®Oz") 
is for all proper subschemes Z" . 

Since {L + D- 25)"^ > 41 + A and h^{L + D - 25) = 0, we get by RemarkfTTlthat there is 
an effective decomposition L + D-25'~^A + B such that A> B, A.B < / + 1, h^{B) = 0, 
^2 > -2 and B passes through Z . 

If B^ = —2 (so that B is necessarily supported on a union of smooth rational curves), 
then we use the fact that we have chosen Z to lie outside of any rational curve T such that 
r.L < c + 2 by © and 

L.B <{L + D).B <l-l + 25.B < - 2 + 25.B < c + 25.B, 

to conclude that we must have 5.B > 2. Hence {5 + B)^ > 0. 
This yields that we in all cases have 

h°{5 + B) > 2. 

We now want to show that also 

h'^{5 + A-D) > 2. 

We can write 

F A + B + 25 -2D {A + 5 - D) + {B + 5 - D) := Fi + F2. 

This is not necessarily an effective decomposition, but we have Fi > F2, since A> B. 
We can easily calculate 

F1.F2 = A.B - - c < -c < 0, 

and since = + + 2F1.F2 >D^>2, we must have Fi^ > 2 or > 2. 

If Fi^ > 2, then either /i°(Fi) > 2 or /i°(-Fi) > 2 by Riemann-Roch. Since L.Fi = 
L.A - L.D > i(L2 + L.D) - L.D = i(c + 2 + F^) > 0, we must have /i°(Fi) > 2, and we 
are done. 

If Fa^ > 2, then either /^"(Fa) > 2 or /i°(-F2) > 2. In the first case, we get /i°(Fi) > 
h^{F2) > 2. In the second, we get Fi ~ F — Fa > F, since —Fa is effective, whence 
hPiFi) > h^{F) > 2 again. 

So we have an effective decomposition of L as 

L^{B + 5) + {A + 5-D), 
such that both + 5) and h^{A + 5 - D) >2 and such that 

{B + 5).{A + 5-D) = A.B - D.B + 2<l- D.B + 3. 
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Since / + 1 < < c + 2, and D.B > 2, since D is base point free and h^{B + 5) > 2, we 
must have D.B = 2 and I + 1 = n = = c + 2. But since B passes through Z, we must 
have D.B > n, whence the contradiction c = 0. 

This concludes the proof of the lemma and hence of Proposition 18., SI □ □ 

Define the following line bundle on S: 

D := f*D - E. 

The members of \D\ are in one-to-one correspondence with the members of the pencil {^a}- 
One computes = 0, so \D\ is a pencil of disjoint members. Furthermore 

h^{H-b) = h^{f*L) > 2, 

so 1 1) I defines a rational normal scroll Tq containing 5". 

Proposition 8.5. Tq has dimension d and degree g+l and is smooth of type (ei + 1, . . . , 6^ + 
1). 

Proof. The two first assertions are easily checked. 

We have to calculate the numbers H - iD) = h^{S, f*{L - {i - l)D) + {i - l)E) 

for all i > 0. 

One easily sees that (i — 1)E is a fixed divisor in \f*{L — (i — 1)^^) + {i — for all 
i > 1, so we get for all i > 1: 

(39) h\SJ*{L-{i-l)D + {i-l)E) = h\SJ*{L-{i-l)D) 

= h^{S,L-{i-l)D). 

We also have 

(40) h^{H)-h^{H -D) = d. 

Defining d- := hP{S,H -ib)-h?{S,H -{i + l)D), we get by combining ^ and m that 

d'o = do and d!^ = di-i for z > 1. 
It follows immediately that the type of Tq is as claimed. □ □ 

Since Tq is smooth, we have Tq ~ P(^'), where 8 = ©f=iCpi(ei + 1). Also, we have the 
maps 

P(f ) i To C P3+'^ 



where j is an isomorphism. Then the Picard group of P(£') satisfies 

PicP(^) ~ ZUq^ZT, 

where Hq := j*C'p9+d(l) and T := 7r*Opi(l). 
Furthermore, the Chow ring of P(£^) is 

(41) z[Ho,^]/(^^7^g+^7^^+^.F,7^g+l-(5 + l)7^g^), 

where we set s := c + 1 + \D^. 

Consider now the morphism i given by the base point free line bundle Ti := Ho — 
where TLq = H + T: 

i : P{£) — > P». 



42 



TRYGVE JOHNSEN AND ANDREAS LEOPOLD KNUTSEN 



One easily sees that i maps P{£) onto a rational normal scroll of dimension d and type 
(ei,...,ed), whence isomorphic to T. So we can assume that i maps P{£) onto T. By 
abuse of notation we write 

i:To — >T, 

and this is a rational resolution of singularities of T (in the sense that Tq is smooth and 
R^i^Oxo — 0)- Furthermore one easily sees that by construction i restricts to a map 

g:S" — > S' 

which is a resolution of some singularities of 5' (precisely the singularities of S' arising from 
the contractions of rational curves across the fibers in S, i.e. the curves in 7^l,d) and a 
blow up at the images of the base points of {-Da}- 
We get the following commutative diagram: 

P(^) 




By construction, one has g o ipjj = ipf*L. 

Proposition 8.6. Let Js"/% denote the ideal sheaf of S" in Tq and Js' jr the ideal sheaf 
of S' in T. 

We have Js'/r = ^*Js"l%- 

Proof. This follows since «*Oro = Cr and i^Os" = Os- The latter fact is a consequence of 
g being a birational map of normal surfaces. □ □ 

We recall that the Chow ring of Tq is given by (|¥T|l. Define Tir and to be the 
push-down of cycles by i of W and respectively. 
We have the following description: 

Proposition 8.7. (a) The class of S" in the Chow ring of Tq is 



{D' + c + 2)rLt^ + {c-cg-D\g 
(b) The class of S' in the Chow group of T is 



{D'^ + c + 2){nrf-'^ + {D\d -l-g)-A-cg-c + cd + 2d){nrT''' J'r ■ 



d-3 . 



Proof. The class of 5" is of the type mTiQ ^ + tiHq '^J^, for two integers m and n. To 
determine m and n one has the equations S"nl = degS" = 2g + 2c + 2 + 2D^ and 
S"nQT = deg{ipLiD)) = c + 2 + Z)2. 

Statement (b) is an immediate consequence of i being birational by using the cap product 
map A* {P3)^A^{T) ^ A,{T). □ □ 

We would like to study the resolution of S" in P(^) Tq. We say that S" has constant 
Betti-numbers Pij = Pij{X) over P^ if the one-dimensional schemes obtained by intersecting 

5" by the linear spaces Fx in the pencil of fibres of Tq have Betti-numbers in that 
are independent of A. By [Hcj, if S" has constant Betti-numbers over P^, we can (at least 
in principle) find a resolution of Os" by free Op(£-)-modules which restricts to the minimal 

resolution of Os" on each fiber P(£')a — P'=+^+i■^^ 
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Clearly, since the map i is the identity on each fiber, the Betti-numbers of S'^ are the 
same as the Betti-numbers of ipiiDx). 

Recall that a projective scheme V is called arithmetically normal if the natural map 

SkH'iV, Ov{l)) H^V, Ovik)) 

is surjective for all > 0. 

We start by showing that the ipL{D\) are all arithmetically normal. 

Proposition 8.8. All the (Pl{Dx) are arithmetically normal in Dx = 
pc+l+iD2 

Proof. We can easily show that 

(42) h^{Os{qL- D)) =0 for all q. 
Furthermore, by |SD| Thm. 6.1], we have that 

(43) SkH'^iS, L) — > H^{S, kL) is surjective for all A; > 0. 
We have a commutative diagram 

H\Oj>.{q)) ^H^OTj-iqL)) 



«3 



H^{Os{qL))^H^{ODML))- 

Now a2 is surjective by and ai is surjective by Hence as is surjective and (Pl{Dx) 
is arithmetically normal. □ □ 

For each A G define 

:=(Bg^zH^iDx,qL) and := H\Dx, L). 

The symmetric algebra S{V'^) of satisfies 

S{V^) Rx, 

where Rx is the homogeneous coordinate ring of P{H^{{Dx, L) ~ ^ ^nd is 

a graded i?A-niodule. Since all the Rx are isomorphic, we will sometimes suppress the A, 
hoping to cause no confusion. 
We have the Koszul complex 

^ A^+V^ B<^_t^^ /\'V^ » sf'-^ ■ ■ ■ 

with the Koszul cohomology groups defined by 

5, . \ \^ kerd^- 

:= }Ci,,{B\v'^) :- 



im(i<Vi,i-i' 



For each A we have a minimal free resolution of B^ as an i?A-niodule: 

• • • ®jRxi-3f^'^ > ejRxi-jf''^ 

(B^Rxi-jf°'^ ^B^^O, 

and the P^j are the (graded) Betti-numbers for ipL{Dx) (since ipL{Dx) is arithmetically 
normal) . 
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By the well-known Syzygy Theorem [Gr| Thm. (l.b.4)], we have 
(where the dimension is as vector space over C). 

Example 8.9. As an example we look at the case where = and T is singular (i.e. 
D is not perfect or TZl,d is non-empty). In this case the scroll Tq can be analyzed with 
the techniques of Section Proposition 18. HI gives that the canonical sheaf on S" is trivial. 
Lemma ITT] gives us the Betti- numbers of all the Dx- Hence the analogue of Proposition 17^ 
goes through completely (we need the triviality of the canonical sheaf to prove the analogue 
of part (b)) to give a resolution of Os" as an OrQ-module. Set go = g + d = g + c+ 2. Since 
Tq has degree go — c — 1, dimension c + 2, and spans P^", we only need to replace g by go 
in Theorem E21 

Unfortunately, finding the Betti-numbers f3^j for the (Pl{Dx) when > is not as easy 
as in the case = 0. In fact, we are not able to compute all of them, nor to show that 
they are constant over P^, in general, but we will manage for the cases = 2 and 4, which 
are the cases we need for the classification of projective models of genus g < 10. 

By our choice the general element in the pencil {-Da} is smooth and irreducible, whence 
by Lemma also the general ipL^Dx) is a smooth irreducible curve. To compute its Betti- 
numbers in Dx = P'^+i+2^ ^ we can use several results of Green and Lazarsfeld, and it 
will turn out that these results are sufficient to determine its Betti-numbers uniquely for 
< 4. However, there might be singular, reducible or even nonreduced elements in the 
pencil {ipL{Dx)}, and one then has to check that the results of Green and Lazarsfeld can 
still be applied to these cases. Roughly speaking, since the Betti-numbers do not change 
when taking general hyperplane sections (since all the (Pl{Dx) are arithmetically normal 
whence projectively Cohen-Macaulay), we can avoid the isolated singularities, so the biggest 
problems arise from nonreduced fibers. It is therefore convenient to choose a pencil {-Da} 
with as few such cases as possible. Also note that the existence of a reducible element in 
{-Da}, will require the existence of some effective divisors linearly independent of L and -D, 
so in the general case of every family we study, all elements in {-Da} will be reduced and 
irreducible. 

It will be of use to us that we can choose a pencil {-Da} subject to the following additional 
condition when > 0: 



(44) Any member of {ipL{Dx)} is one of the following: 

• A smooth irreducible curve of genus pa{D). 

• A singular irreducible curve of arithmetic genus Pa{D) or Pa{D) + 1 with exactly 
one node or one cusp. 

• El + E2, where Ei and E2 are distinct smooth elliptic curves intersecting in ^D^ 
points or in one point (the latter happening if and only if we are in the special case 
of Proposition where = L ^ 2D and D is hyperelliptic). 

• D + Q, with D a smooth irreducible curve of genus Pa{D) — 1 and Q of degree 1 or 2 

• D + Q with D an irreducible curve of genus Pa{D) with exactly one node or cusp 
and O of degree 1 or 2. 

(Note that Q is either a conic, a union of two distinct lines, a double line or a line. 
In particular a nonreduced component of a member of {(/?/, (-Da)} has to be a double 
line.) 
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Lemma 8.10. Let D be a free Clifford divisor with > 0. Then we can choose a pencil 
{Dx} such that ^44)) satisfied. 

Proof. Any irreducible element of \D\ is mapped isomorphically by ifL by Lemma 1^?^ Since 
the codimension of the set of irreducible elements in having more than one node or cusp 
as singularity is well-known to be > 1, we can find a pencil so that all irreducible elements 
are mapped to irreducible curves which are either smooth of genus Pa{D) or has at most 
one node or cusp and therefore have arithmetic genus Pa{D) + 1- 

Now we have to consider reducible elements of |Z?| living in codimension one. 

Assume that an element of |Z)| has two components of arithmetic genus > 1. This means 
that D A + B with h^{A) > 2 and hP{B) > 2. A quick analysis as in the proof of 
Proposition 13. 101 shows that = = (otherwise either A or B would induce a Clifford 
index < c on L). So D ~ Si + £^2 + S for Ei and Ei smooth elliptic curves and an effective 
S which is either zero or only supported on smooth rational curves. In the first case, since 
the general elements in both and \E2\ are smooth elliptic curves, we can choose a pencil 
containing at most the union of two smooth elliptic curves Ei and E2. Such a Dq = E1 + E2 
is mapped isomorphically by by Lemma [^21 In the second, as in the rest of the proof, 
we are reduced to studying the cases where B is an effective divisor on S only supported 
on smooth rational curves such that h^{D ® Jb) = h^{D - B) = hP{D) - 1 > 2. 

By adding base divisors to B, we can assume that \D — B\ is base point free. Hence, by 
Proposition 11.21 either h^{D — B) = 0, ov D — B ^ kE, for an integer k > 2 and a smooth 
elliptic curve E. 

In the first case we have h°{D - B) = \D'^ - D.B + \B'^ + 2 = h^{D) - D.B + \B'^ . If 
5^ > 0, then by the Hodge index theorem and the fact that B'^ < D'^ (since h^{B) < hP{D)) 
we get {D.Bf > D^B^ > {B^f, so D.B > B"^, and in particular D.B > 3, whence 
h^{D -B) < h^{D) - \D.B < h°{D) - 2, a contradiction. If B'^ = 0, then B.D > 2, since 
D is base point free (by ^ (3.9.6)] or |KTl4l Thm. 1.1]), so again /i°(L» - B) < h°{D) - 2. 

So the only possibility remaining is B^ < —2, and we see that hP{D — B) = h?[D) — 1 if 
and only if 5^ = -2 and D.B = 0. Since hP{D) > 3, we have that L {D - B) + {F + B) 
is a decomposition into two moving classes with [D — B).{F + B) = D.F + 2 — B.L = 
c + 2 — (B.L — 2), so we must have B.L < 2. 

This means that there is a codimension one subset of whose elements are of the form 
D' + B, with D' base point free with pa{D') = Pa{D) — 1, h^{D') = and B only supported 
on smooth rational curves and satisfying B^ = —2, B.D' = 2 and B.L < 2. Clearly, since 
the general element in \D'\ is a smooth irreducible curve, we can choose a pencil in |D| 
such that elements of this form are of the form D' + B with D' a smooth curve of genus 
Pa{D) — 1. Now the contracted part Bq of B satisfies Bq.D' < B.D' = 2, whence D' is 
mapped by (pi to a curve with at worst one point of multiplicity two, i.e. either a node 
or a cusp. If ipL^D') is smooth then it has genus Pa{D) — 1, if not it has arithmetic genus 
Pa{D). The divisor B is either zero or is mapped to a point or to an effective divisor on 
S' of degree B.L < 2, whence a line, a conic, a union of two distict lines, or a double line. 

In the second case we have h^{D-B) = k+l = h^{D)-l = \D'^+1, whence D"^ = 2k > 4, 
so 2k = D^ = (kE + Bf = 2kE.B + B'^ = 2kE.D + B'^. At the same time, by the base point 
freeness of D, we have B.D = B.{kE + B) = kE.B + B"^ = kE.D + B"^ > and E.D > 2, 
so the only possibility is E.B = E.D = 2, B.D = and B^ = —2k < —4. In particular 
D is hyperelliptic, so c = 2, D^ = 4 and L ~ 2D by Proposition 13.101 which means that 
k = 2. Since D.L = 8, and D 2E + B, we must have E.L = 4 and B.L = 0. Now there 
is a codimension one subset of whose elements are of the form Ei + E2 + B where Ei 
and E2 are smooth elliptic curves in \E\. Since B.Ei = B.E2 = 1 and B is contracted by 
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i^L-, the elements are mapped to a union of two smooth elHptic curves intersecting in one 
point. □ □ 

Remark 8.11. We see from the proof above that in the cases where there exists a reducible 
fibre ipL{Dx), then we are either in the case with D A + B into two moving classes or 
D ^ D' + B with D' either irreducible or twice an elliptic pencil and B supported on 
rational curves with B^ = —2 and B.L < 2. In the first case we find that A and B are 
Clifford divisors for L and in the second that D' is a free Clifford divisor. In particular we 
see that we can always find a free Clifford divisor D satisfying either = or that \D\ 
contains a subpencil {-Da} such that all the members of {ipLiDx)} are irreducible. 
Such a D need however not be perfect. 

Note that the property also yields that the singular locus of any (Pl{D\) is either a 
finite number of points or at most a finite number of points and a double line, so it has an 
open set of regular points. The same applies for any Da- 

Moreover, again by the property l@U, a general hyperplane section of any lpl{D\) is of 
a scheme of length L.D = + c + 2 which either consists of distinct points (outside of 
SmgLpL^Dx)) or of a union of L.D — 2 = D'^ + c distinct points (outside of Sing (/j^ (Da)) and 
a scheme of length two situated in one point, namely the intersection with the double line, 
or equivalently, the image hy (pi of the unique element in |Oc(2r)| for a general C G |L|. 

We will from now on always work with a pencil satisfying (@3J. 

We will need the following general position statement: 

Lemma 8.12. Assume c > and > and let D' C member of 

{(Pl{D\)^ . Then a general hyperplane section Z is a scheme of length L.D = D^ +c + 2 in 
general position, i.e. any suhscheme of length c+ \D^ spans . 

Proof. A general hyperplane section Z consists either of D^ + c + 2 distinct points, or of 
D^ + c + 1 distinct points, where one carries an additional tangent direction. 

Set r := c + 1 + then r > 3. The proof now follows the lines of the proof of the 
well-known General Position Theorem on p. 109 in |A-C-G-H] . We leave it to the reader to 
verify that the steps (i)-(iii) in that proof go through and that we can reduce to showing 
(correspondingly to the lemma on p. 109 in |A-C-G-H] ) that a general hyperplane section 
of D' contains no subscheme of length 3 spanning only a P^. 

So assume there is a general hyperplane section Z of D' containing a subscheme Zq of 
length three spanning a P^. Since we assume Z is general, we can avoid it to touch the 
singular points of S' . So we can consider Z and Zq as subschemes of S and we get that 
the natural map H^{L) — > H^{L ^ Ozq) fails to be surjective. Since c > 1, we must have 
L2 > 4c + 4 > 8, and we can use Proposition II. HI to conclude that there is an effective 
divisor B passing though Zq satisfying either B^ = —2 and B.L < 1, i?^ = and B.L < 3 
or 52 = 2 and B.L < 5. 

In the first case we have B.L = 1 and B irreducible, since we assume that Z lies outside 
the singular locus of S' . So Zq lies on a line, and a general hyperplane will only meet this 
line in one point, a contradiction. 

In the two other cases we see that B induces the Clifford index one on L and we must 
have (i?^, B.L) = (0, 3) or (2, 5). Since we assume D^ > 2, we must have D^ = c + 1 = 2, 
which means that we are in the case (EO), where L ~ 2D + F for a smooth rational curve 
r satisfying T.D = 1. Since D is base point free, any other free Clifford divisor D' must 
satisfy D'.D > 2, whence D'.L > 4. Now the moving part of i? is a free Clifford divisor, 
whence we must have {B'^,B.L) = (2,5). It follows from Proposition 11.61 that Zq fl P / 0, 
and since T.L = 0, it follows that Zq meets the singularities of 5', a contradiction. □ □ 
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We will make use of the following lemma, which is well-known if Dq is a smooth curve 
(see e.g. [CTTHl Lemma 3.1] or |A-(U;-H1 Exc. K-2 p. 152] for (a)): 

Lemma 8.13. Let Dq G \D\. 

(a) // xi, . . . ,Xn are n := h^[L]:,^^) — 2 = i^D^ + c distinct general points of Dq, outside 
of Sing Do, then Ld^ — xi — . . . — Xn is base point free, h^{L£)g — xi — ... — x„) = 2 
and h}{L£)Q — xi — ■ ■ ■ — Xn) = 0. 

(b) If xi,... ,Xk are k > Pa{D) distinct general points of Dq, outside of SingDo, then 
h\ODoixi + --- + Xk)) = 0. 

Proof. Since n = L.D — ^D^ — 2 < L.D — 3 the statement (a) immediately follows from the 
previous lemma. 

As for (b), by Serre duality we have h^{ODo{xi + •■■ + Xk)) = hP{ODo{D) 
{-xi - ••• - Xk)). Denoting the ideal defined by the points Xl , . . . , Xk by Z, we have 
an exact sequence 

(45) O^Os^ Os{D)®Jz Od,{D){-Z) 0, 

so h^{ODo{xi + • • • + Xk)) = if and only if h?{Os{D) (gi Jz) = 1. Clearly we can assume 
that k = Pa{D). Then hP{Ps{D) (g) Jz) = 1 if and only if the k points pose independent 
conditions on \D\. Proceeding inductively, we only have to show that for k' distinct points 
on Dq, with 1 < k' < k, posing independent conditions on \D\, then a general point p G Dq 
away from SingDo poses one more additional condition. Let S be the base divisor of 
\D (g) Jz'l, where Z' is the scheme defined by the k' distinct points. Then we are done, 
unless all the regular points of Dq are contained in S. However, by the property (|^ . it 
would then follow that hPC^) > hP{D) — 1. But then the moving part oi \D ® Jz'\ has 
dimension zero, i.e. it consists only of Dq itself, so h^{D ® Jz') = 1, and it follows that 
k = k' and we are done. □ □ 



We write Lx ■= Ld^. 

We first define a vector bundle £\ on every Dx, as follows. If B is an effective divisor 
on S and A is any globally generated invertible sheaf on B, then the evaluation map 
H^{A) ® Ob A\s surjective, and the kernel is a vector bundle on B: 

(46) ^^£a^ H^{A) CScOb ^ A^O. 

Note that detf"^ = A^ and rankf^ = h°{A), so that £a = A"^ when h°{A) = 2. 
For every A we set £x '■= 

Taking exterior powers in (|i6)l and twisting by suitable powers of L, we get for any i > 
and any j > 

(47) a'Sx ® if A'H'^iLx) ®c if a'-'£x ® if '^'^ 0. 
Moreover, we get 
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L 



A 








and we see that d^j = H'^Uij) for all i,j > 0. 

Chasing the diagram, and using that h}{L®^) = for all A; > 1, together with hP{L\) 
c + 2 + ^-D^, we easily get that the Koszul cohomology groups K,^^ satisfy 



(48) 
(49) 

(50) 



dim /C^2 



dim /Cj I 



for all j > 3. 

/.^(A-.A)-(^+^:f^ 

W(A^fA®^A) 



Of course we also have 
(51) 



1 



Ofor i > /i°(LdJ - 1 = c+ 1 + 



We now want to show that h^{A^^^£\) is independent of A for i < hP{Lj:,^) — 2 = c + \D^. 

By Lemma fS.lSf a,). if := hP{L\) — 2 = c + general distinct points of 

Da, outside of the singular points of then L\ generated by its global 

sections and h}{L\ — xi — ... — x^) = h^{Lx) = 0, so from |G-L1| or |LaH Lemma 1.4.1] we 
have an exact sequence 







£l 



0, 



(52) 

where S := ©"^^Od^ (— Xj). (We leave it to the reader to check that this also holds in 
our case when Dx is singular or possibly reducible). Set B := Od^{xi + • • • + Xn)- Since 
h?{L\ — B) = 2, we have £L^-xi-...-xn = B — L\. Taking exterior products yields 



(53) 







A 



0. 



A*S (5 - La) - 

The term on the right is a direct sum of (j"]^) line bundles of the form C'd;^(— — • • • 
3^fc +i)) whence for all i > we have /i°(A*~'"^S) = and by Riemann-Roch /i^(A*+^S) 

The term on the left is a direct sum of (^) line bundles of the form Od^ i^ki + ■ • ■+Xk^_^ ) 
L"^. Now by Serre duality h°{OD^{xki H \-Xk„^J L"^ = h^{OD^{L + D){-Xki 
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Xfc^ .). By the sequence 

(54) ^ L ^ OsiL + D) ® Jz ^ Od,{L + D)i-Z) ^ 0, 

with Zthe ideal defined by Xk^, . . . ,Xk„_i, h^{OD^{L+D){-Xk^ Xk^_^)) = h^{Os{L + 

D) (S> Jz)- Since h}'{L + D) = 0, this is equivalent to saying that Xk^, . . . ,Xk„_. pose 
independent conditions on L + D. but since n — i < n, the points pose independent 
conditions on L by Lemma rS.lSf a). whence also on L + since D is base point free. So 
/i°(A*+iS) = and by Riemann-Roch h'^{A^+'^T.) = + 2 + i). Inserting for n, it 

follows that 

(55) hHA^^'S,) = + iD^ + 2 + ^) + ) {'-D^ + l + 
This improves (|Kn|l : 

(56) dimJCl, = (^ + p')(Z?2 + 2 + .) + ('+^^f)(^I?^ + l + .) 

c + 2 + iZ)2\ 1 2^ ^^^^^ 
V « + 1 / 2 
In particular, we see that 

(57) dim/C,^i - dim/C,^_i 2 = I I (I)^ + 2 + i) 
is independent of A. 

Recall that the line bundle Lx on D\ is said to satisfy property Np if the Betti-numbers 
satisfy the following: 

1 ifi = 0, 
ifi/0 

This means that i?'*' has a resolution of the form 

••• — > Rx{-p-lf^'^+' — > >i?A(-3)^2,3 

— > Rx{-2f^-^ — >Rx — — > 0. 

In our case, we have 

Proposition 8.14. Assume c > 0. Then L\ satisfies property Nc-i hut not N^. 

Proof. If -Da is smooth, then the second statement is immediate, since we have by |Kn4j 
and the conditions (*) that L\ fails to be (c + l)-very ample, and the result follows from 
|G-L3[ Thm. 2]. By semicontinuity, Nc fails for all Lx- 

The first statement is also immediate if Dx is smooth: Indeed, it follows from |Gr| Thm. 
(4.a.l)], since degLf)^ = 2g{Dx) + c and h}{Li:,^) = 0. 

We have to argue that the result still holds for the singular and reducible Da, in other 
words we have to show that /C^2 = for all i < c — 1 and all A. 

By lO we have to show that /i^(A*+^fA La) = for alH < c - 1. 

Choose as above n := c+ ^D^ general points xi, . . . ,Xn of Dx- We then get a sequence 
as (EHl) and tensoring this sequence with Lx yields 

(59) — ^ A*S ® S — > A^^^^La ^ -^^a — > A'+^S ^ La — ^ 0. 



(58) = <j -f ^ n' ^^'j ^ ° if j = i + 1, for < i < p. 
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The term on the right is a direct sum of {^^i) hne bundles of the form L\{—Xki — ■ ■ ■ — 
Xk,+^). By Lemma IHinia) it follows that for alH > we have h^{^^+'^Y. ® Ly) = 0. 

The term on the left is a direct sum of (^) line bundles of the form Od^, {xki + • • ' + Xk„^i), 
whence of degrees n-i > + 1 = Pa{D). By Lemma lO^ bl it follows that h^{A^T.0B) = 
0. 

It follows that h^{A'+^£x <S) Lx) = for alH < c - 1. 

An alternative proof of the fact that /C^2 = for alH < c — 1 and all A goes as follows: 
Since (Pl{Dx) is arithmetically normal and Dx is of pure dimension one, the Betti-numbers 
of (Pl{Dx) are equal to the Betti-numbers of a general hyperplane section of it. This is a 
scheme X of length L.D = + c + 2 in general position by Lemma fS. 121 We now argue as 
in the proof of |G-L3[ Thm. 2.1] to show that the scheme X satisfies Nc-i- Recall that X 
either consists of distinct points or at worst of a union of L.D — 2 = + c distinct points 
and a scheme of length two supported in one point, call it Z . The case of distinct points is 
exactly the statement in |G-L3[ Thm. 2.1], so we have to show that the proof goes through 
in the other case. We leave it to the reader to verify that everything works as long as one 
writes the scheme X as a disjoint union X = Xi U X2 as in the proof of |G-L3| Thm. 2.1], 
taking care that Z (1 X2. This is possible, since Xi should consist of + c + 1 distinct 
points, which yields length = iL>2 + 1 > 2. □ □ 

From this proposition we therefore get 

(60) ICl^ = for alH < c - 1. 

(61) + 0. 

Also, by the Theorem in |G-L5j . we have that for > 0: 

/^cc+i 7^ fo'^ all smooth irreducible Dx- 
Indeed, Ljd^ ~ + wd^, and D^ < 2c for c > 0, and we calculate 

h\Fn,) = h\F) -x{F-D)=c + 2-^D^>2, 
h°{uD,) = \D^ + 1>1 

and 

/iO(FbJ + /iO(cudJ-3 = c. 
By semicontinuity it follows that 

(62) /C^i / for all A. 

Finally, recall that the line bundle Lx on Dx is said to satisfy property Mg if IC^j = for 
all i > h^{Lx) - l-q = ^D"^ + c + 1 - q and j ^ 2. 
We have 

Proposition 8.15. (a) If c> 0, then Lx satisfies Mi. 
(b) If D"^ >4: and c>3, then Lx satisfies M2. 

Proof. The main ingredient in this proof is the proof of Green's JCp^i theorem |Gr| (S.c.l)]. 

^etr:=h^{Lx) = \D'^ + c + l. 

To show (a), we argue as in the proof of statement (2) in |Gr| (S.c.l)], and assume that 
i 7^ 0, for p = ^D^ + c = r — 1. Taking a general hyperplane section Z of (Pl{Dx) we 
get that IC^ i 7^ for Z C P^-i. By Lemma [8T2l Z is in general position, so if it consists of 
distinct points, then it follows from Green's Strong Castelnuovo Lemma \Gv\ (3.C.6)] that Z 
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lies on a rational normal curve, whence the contradiction + c + 2 = L.D = degipL{Dx) < 

If Z consists of L.D — 2 distinct points and a scheme of length two with support in one 
point we have to show that Green's Strong Castelnuovo Lemma still can be used. The key 
point is where Green uses that any r + 2 distinct points in general position in P^~^ lie on a 
unique rational normal curve. This still holds true if we have r + 1 distinct points with one 
additional tangent direction at one of them, when the whole scheme is in general position. 

We leave it to the reader to verify that the Strong Castelnuovo Lemma holds in our case 
and that we can conclude as above that Z lies on a rational normal curve, and get the same 
contradiction. 

Now we prove (b). Once we have checked that the Strong Castelnuovo Lemma holds in 
our case, we can argue as in the proof of (3) in |Grl (3.C.1)], and find that either + = 
L.D = degipL{Dx) < r + 1 = ^D^ + c + 2, which is not our case, or that ipl{D\) lies on a 
surface of minimal degree, i.e. the Veronese surface in P^, a ruled surface or a cone over a 
rational normal curve. 

In the first case we must have r = 5, whence c = 2 and D^ = 4. 

In the two other cases, then if (Pl{D\) does not pass through the vertex of the cone the 
ruling restricts to a Cartier divisor on (Pl{D\) and it cuts out a g\ on (Pl{D\) which we can 
pull back by to S. Then every element Z in this g\ on 5" is a 0-dimensional scheme of 
length 2 failing to pose independent conditions on \D\. Therefore \D\ must be hyperelliptic 
and by Proposition 13.101 we have c = 2 and D^ = 4. 

We have left to treat the case where ipiiDx) lies in a cone and passes through its vertex. 
Since (Pl{D\) cannot be a union of lines by (|8.1()|1 the ruling cuts out a g\ on the component 
of (fL{D\) obtained by removing the components which are lines of the ruling, if any. So this 
component is an irreducible curve birational to P^ By ijOHl this curve is either smooth 
of genus Pa{D) or Pa{D) — 1 or has only one node or cusp and arithmetic genus Pa{D) or 
Pa{D) + 1. In all these cases we get that the curve has geometric genus > Pa{D) — 1 > 2, 
since we assume D^ > 4, a contradiction. □ □ 

The following lemma settles the remaining case D^ = 4 and c = 2, where in fact Lx does 
not satisfy M2: 

Lemma 8.16. Let {c,D'^) = (2,4). Then dim/C^^ = 3 for all X. 

Proof. We are in the case (Q) with L ~ 2D. By Proposition 15.101 either ipL is the 2-uple 
embedding of (^^(S'), or there is an elliptic pencil \E\ such that E.D = 2. We will treat 
these two cases separately. 

In the first case ipL{Dx) is the 2-uple embedding of ifoiDx), for all A. Now (po maps Dx 
into P^, so ifiiDx) lies on the Veronese surface V in P^, i.e. the 2-uple embedding of P^. 

We have PicV ~ Z/, where = 1. The hyperplane class Hy satisfies Hy ~ 21, and since 
iPLiDx) has degree L.D = 8, we have '^l{Dx) ~ 4/ ~ 2Hv. By ^ (3.b.4)] we have 

^3,1 = ^ii{y, Hv) e /C2%(y, Hv). 

Both the latter are well-known, since y is a variety of minimal degree (see e.g. [HEl Lemma 
5.2]). In fact dim/C^ ^(y, Fy) = 3 and 1C^q{V,Hv) = 0. Hence dim/C^ I — 3, as asserted. 

In the second case, any Dx has a g\ given by Od),[E). Compare the two morphisms 
fE-.Dx^ Pi given by 1 0^,(^)1 and fn-Dx^ P^ given by \Od^{D)\. Since h\E-D) = 
h^{Os) = 0, these are the restrictions of ifE and respectively. Since they both collapse 
every member of the g^, we see that fn = 9°fE, where 5 : P^ ^ P^ is the 2-uple embedding. 
It follows that Od^{D) = Od^{D)'^'^ and consequently Ld^ = 4:Ed^. 
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The members of the §2 sweep out a scrollar surface containing ipL{Dx). As before, we 
can compute its scroll type (61,62) by first computing the "dual scrollar invariants" 

di = h\LD,-iED,)-h°{LD,-{i + l)ED,) 

= h\{A-i)ED,)-h\{2,-t)ED,). 

We easily get = 2, di = 6,2 = = d^, = 1 and d>5 = 0. Recalling that ei = | dj > 

i} — 1 we get (61,62) = (4,0), whence 5*0 is a cone over a rational normal quartic. 

Note that since the is base point free ipL{Dx) does not intersect the vertex of 5*0, so 
we can work with the desingularization Sq, which we by abuse of notation also denote by 
So. 

We have Num5o ^ Z/foffiZLo; where Hq is the hyperplane class and Lq is the class of the 
ruling, whence Hq.Lq = 1, Hq = 4 and Lq = 0. Since ipL{D\).HQ = degipL{D\) = 8 and 
lPl{Dx).Lq = 2, we find Dq ~ 2Hq. Moreover we have H^{So,Ho - Dq) = H\So,qHo - 
Do) = H^lSo,qDo) = for all g > 0, so by [HB (3.b.4)] we have 

^3,1 = ■'^3,i('S'o, ^^o) © •'C2^o('S'o, ^^o)- 

Again it is well-known that dim/Cg ;^(5o, Hq) = 3 and /C2 o('S'o) Hq) = (see e.g. Lemma 
5.2]), so dim/Cg;^ = 3, as asserted. □ □ 

Summing up, we have 

Proposition 8.17. Let D be a free Clifford divisor on a polarized K3 surface {S,L) of 
non-general Clifford index c > satisfying > 0. Then the Betti-numhers of the ipL{Dx) 
satisfy: 

fa) - / ^ «/i = 0, 

(b) For < i < 6 - 1, / if and only if j = i + l, 

(c) (5lj = 0/or i > 6 + 1 + ^^2. 



(d) = 0/orj >i + 3. 

(e) /?^m-/3^^i.m = rr)(^' + 2 + ^) + 

(f) /^i n24_, ln24_.^i = 



) {\D^ + l + ) {\D^ + l),for^> 0. 



/5t n2 , 1 1 n2 , =0 for > 4 and c> 3. 



iD2+c-l,iD2+c 

(h) Pl, = 3if{c,D^) = {2A) 

(i) /3,Vi/0/orZ)2>0. 

(j) Pc,c+2 / 0. 

So for > 0, the (pi^Dx) all have a resolution of the form: 

— > Rx{-^D^ - c - 2)^l«^+->i«^+-+2 



> Rx{-c - 2f-+^,-+2 e Rx{-c - 3)^-+i^-+3 

[-c - lf-,c+i ® Rx{-c - 2f-^-+^ — > Rxi-cf--^'- 
Rxi-Sfl^ — > i?A(-2)^i.2 — , ^0. 
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It is easy to see that all the Betti-numbers for = 2 and = 4 are uniquely determined 
by the information above. Combining with Example 18 .91 we get: 

Corollary 8.18. For- < < 4 the Betti-numbers of the (Pl{D\) are the same for all A 
and uniquely given by the results above. 

We will now compute some concrete examples of projective models of K3 surfaces con- 
tained in singular scrolls T . We will use the results above to obtain minimal resolutions of 
the ifL{D\) in the projective spaces they span. We will also give results (Proposition 18.231 
and I8.29]l showing how one can lift these resolutions to resolve Os" and Os' as Otq- and 
O7— modules, respectively. 

Example 8.19. As our first example we study the case (EO) with c = 1, = 2 and 5 = 6. 
By Proposition 18. 171 all the (Pl{D\) C have minimal resolutions 

— > R{-Af — > R{-2) e R{-3f — >R — >B — > 0. 

This is the well-known resolution of a smooth curve of genus 2 in P'^ (see e.g. 

Example 8.20. As another example we study the case when = 2 and c > 2, where 

For c = 2 a minimal resolution is of the following form: 

— >R{-5f — > R{-3f®R{-Af 

— > R{-2f — >R — — ^ 0, 
For c = 3 a minimal resolution is of the following form: 

— > R{-Qf — > R{-5f ® R{-Af — > R{-3)^^ 
— > R{-2f — > — > — > 0, 
For c = 4 a minimal resolution is of the following form: 

R{-7f R{-6f e -R(-5)^ R{-4f^ 
— > R{-3f° — > R{-2)^^ — >R — >B^ — ^ 0, 

Example 8.21. As yet another example we study the case when = 4 and c > 2, where 

For c = 2 a minimal resolution is of the following form: 

— > R{-6f — > R{-5f e R{-4f — > 

R{-4f(SR{-3f — > R{-^y — >R — — ^0. 
For c = 3 a minimal resolution is of the following form: 

R{-7f i?(-6)^° R{-5f e i?(-4)i5 
— > R{-3f^ — > i?(-2)^2 — , — , — ^ Q_ 

Remark 8.22. If we twist the resolution following Proposition 18.171 with n and use the 
additivity of the Euler characteristic, we obtain the following polynomial identity in the 
variable n: 

1 9 /n + c+l + ^D^X 



3—^ 
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It is easy to see that this identity alone determines the Pj-2,j — uniquely. Since 

Pj-2,j = 0, for j < c + 1, the f3j-ij, for j = 2, . . . , c + 1 are determined uniquely. On the 
other hand this observation gives nothing that is not already contained in the statement of 
Proposition 18.171 

We now return to the general resolution, following Proposition l8.171 Prom Corollarv l8.18| 
Example 18.91 for the case = and [S3 Thm. (3.2)] in general, we obtain the following: 

Proposition 8.23. If D'^ = and c= 1, then the Orf^-resolution of Os" is 

Or,{-mo + {g- l)T) Oto Os > 0. 

// = and c>2, the resolution is of the following type: 

Oto(-(c + 2)no + {g- ®k=lOr,{-cn^ + ^c-i-^) ^ 

t 



-%OToi-2no + h\j^) Ot, Os" 0, 



n,here = - {^1,) . 

If = 2 or 4, or more generally if the Betti-numhers of all the ipl{D\) are the same 
for all X, then Os" has a Ora-resolution of the following type: 



— >Fi^2+c > Fc+1 — > Fc 

efri'Oro(-cWo + bti^F) > e^LiOro(-3Wo + ^2-^) 

®iliO%{-2no + h\T) Ot, Osn 0. 

Here Pi = for i = 1, . . . ,c, and Fc is an extension of the non-zero term 



by the non-zero term 



Moreover Fi is an extension of the term 



by the term 



fori = c+l,...,\D'^ + c. 



Proof. Since the Betti-numbers are the same for all A if 1)2 = by Example EH the case 
is a direct application of [HEl Thm. (3.2)]. The case 1)2 > 2 follows from \^ Thm. 
(3.2)] and Corollary IHUHl □ □ 

We recall the definition /3j = for i = 1, . . . , c — 1, and d = c + 2 + ^Z)2 = dimT. 

Proposition 8.24. The b^j and in Proposition \H.ii'A satisfy the following polynomial 
equation in n (set &f j_|_2 = P^iJ^2 ~ ^ for all i and k if = 0, and set 6f = bf , for 
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i = 1, . . . , c — 1 for all values of D^): 

n + d — l\ ,n(q + 1) . 9, ^9, 1 ^9 

d-1 )( J ' +l)-n\g + l + c + D^) + -nD^ -2 = 

^ ^y_^i/n + d-i-2\^ {{n-i-l){g + l)+d)pi,i+i , ^ j ^ 

1=1 \ d, 1 J d 



Proof. Denote the term i places to the left of Otq in the resolution by Fj. The result 
follows, similarly as in the proof of (HEl Prop. 4.4(c)] from the identity 



x{Or,inno))-x{Os"{nno)) = Y{-ly+'xiF^{nno)). 

i 

To calculate x(C'5"("^o)) one uses Riemann-Roch on S" and deg S" = 2g + 2c + 2 + 2D^. 

Moreover it is clear that for all large n, we have xiFiinU)) = h^{Fi{nn)), for all i, and 
xiOroinTlo)) = h^{OTo{nTlo)) since Ho is (very) ample on Tq. Then one uses (|H7|l again. 
□ □ 

Remark 8.25. Prom the last result it is clear that the sums Ylk=i uniquely deter- 

mined, but this does not necessarily apply to the b^j individually. If > 0, it is not even 
a priori clear that the b^j are independent of the choice of pencil inside \D\ giving rise to 
Tic,D,{Dx}). 



Corollary 8.26. (a) We have 

P1.2 

'2 



k=l 

■)2 



J2bi,2 = ilD' + c-l)g + il-c-D'). 

(b) // D'^ > 0, then 



k=l 



Proof. We insert n = 2 in Proposition 18.241 That gives part (a) directly. Then we insert 
n = in Proposition 18.241 That gives 

fc=l 

This immediately gives the statement of part (b), since it follows from Proposition lS.lTl that 

□ □ 

Example 8.27. We return to the situation studied in Example 18. 2()| with = c = 2. 
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From that example and Corollary 18.261 we see that /^a^s = 2 and 

k=l 

We now apply Proposition 18.241 

Setting n = 1, we get nothing, but setting n = 2 we obtain 

^fe? = 25 + 1-/31,2 = 25-3. 

k=l 

Setting n = 3 we obtain 

/32,3 

^6^,3 = 25-3-/32,3 = 25-5. 

k=l 

Continuing this way, we find the difi'erence of the 63 4 and the 62,4 ™ terms of /3i, /?2,3, /32,4, /?3,4, 
by setting n = 4. This gives 

P3A /32,4 

E ^3,4 - Yl ^2,4 = (/32,3 - 4)5 + (/32,3 + /?3,4 - /?2,4 - 6) = -25 - 7. 
fc=l fc=l 

We will now "push down" results for S" in Tq to results for S' in T. 

Definition 8.28. We define, for integers a and b, 

OriaH + hT) := i*Oro(aH + hT). 

In particular, by the projection formula, 

i^OroiaUo + hT) = i^Oro{an + {a + b)J^) = Or{a) ®i^{{a + h)T). 

We now return to the general situation. As a consequence of Proposition 18.281 we have 
the following result: 

Proposition 8.29. If D"^ = and c= I, then the Or -resolution of Os' is 

— > Or{-m + {g- — > Or — > Os> — > 0. 
In all other cases we assume > i, for i = 1, . . . , c — 1 and all k and b^ ^ > i — 1 for 

h 

IfD'^ = and c>2, then 

Or{-(c + 2)n + {g-c- ©I'-lOri-cH + {b';_^ - c)T) 

> ®iUOr{-2n + {b\ - 2)T) -^Or^ Os' 0, 

is an Or -resolution ofOs'- 

If > 2, and if there exists a resolution as described in Proposition \8. 2Sl in particular 
if the Betti-numbers are the same for all {ipL{D\)}, then Os' has a Or -resolution Fl of the 
following type: 

> ^\D^+c ' ■ ■ ■ ' ' K 

^®i=IOr{-cH + {b^^_^-c)T) ^ ■■■ ^ efiiOr(-37i + (6^ - 3)^) 
^®il^Or{-2n + {b\-2)T) ^ Or ^ O5' ^ 0. 
Here F[ = i:^{Fi), for all i. 



j = i + l,i + 2, i = c, . . . , + c, and all k 
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Proof. See [23 p. 117]. The essential fact is that the map i : Tq ^i^) T is a rational 
resolution of singularities, and that we therefore have R}-i^,OrQ = 0. Moreover i^Os" = Os', 
and i*Oro ~ ^T- The condition on the bi and the bij gives that each term (except Os") in 
the resolution of Os" in Proposition l8.2,Sl is an extension of terms of the form OroiaTC + bJ^), 
with b > —1. As in [HcJ (3.5)] we then conclude that the resolution therefore remains exact 
after pushing down. □ □ 

Remark 8.30. By Proposition 18.61 we already know that the ideal of S' in T is the push- 
down by i of the ideal of 5" in Tq. 

If 62 > 2 for all k when c > 3 or = (resp. 62,3 ^ 2 and 63,4 > 3 when c < 2 and 
> 0), then it automatically follows that R^i^F2 = R^i^Fi = 0, so that we get an exact 
pushed-down right end 

uFi — >Ot — > Os' — > 0. 

This means that the ideal of S' in T is generated by the push-down by i of the generators 
of the ideal of S" in Tq. 

The next two results give the first examples of applications of the proposition. 

Corollary 8.31. Assume 

(a) If c = 1 then 0$' has the following Oq- -resolution: 

(63) — > Or{-m + {g- — > Or — > Os' — > 0. 

(h) If c = 2, then Os' has the following Or -resolution: 

— > Ori-m + {g- 5)T) — > 
Or[-2n + aiF)®Or[-2n + a2T) — > Or — > Os' — > 0, 
for two integers ai and such that ai > a2 >0 and ai + 02 = 5 — 5. 

Proof. Set go = g + + 2. 

If c = 1, then this is a part of Proposition l8.291 The essence is as follows: By Proposition 
18.91 a resolution of Os" as an Oro-niodule is 

Oroi-mo + (go - 4)^) Or, Os" 0. 

Here ffo — 4 > 5, whence (a) follows. 

If c = 2, we have ^fo > 10 and Proposition I7.2r a). gives that a resolution of Os" as an 
OrQ-module is: 

^ Or,{-mo + {go - 
Or, {-2Ho + biT) e Or, (-2Ho + &2-^) Or, Os' 0, 

for two integers 61 and 62 such that 61 > 62 > and &i + 62 = 50 — 5. Prom |Br| Thm. 5.1] 
we have that S" is singular along a curve 

if > ^(£i±|2±£3)^ ^here (ei ,62,63) denotes the 
type of Tq. This is equivalent to 62 < Sfc^^t^M Hence 62 > 1 and (b) follows. □ □ 

Corollary 8.32. Let c = I, = 2 and g = 6 as in Example IS.lfA Then Os" has the 
following Org-resolution: 

Or,i-mo + 6T) (B Or,i-mo + 5T) 

— y Or,{-2Ho + 4.F) e Or, {-mo + ^T) ® Or,{-mo + 3-F) 
Or, Os" 0. 
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In particular, 0$' has the following Oq- -resolution: 

— > Or{-m + 2T)®Or{-m + r) 

— > Or{-2n + 2T) © Or{-m + T) ® Or{-m) 
— > Or — > Os' — > 0. 

Proof. In Example 18.191 the minimal resolutions of all the ipL^Dx) are given. Corollary 
gives 6} 2 — 4 and 62 4 "I" ^2 4 — while inserting n — 3 in Proposition 18.241 gives 
6{ 3 + 5f 3 = 7. Then Proposition 18.231 gives the following resolution: 

(64) Q^Or,{-mo + hl^T)®Or,{-mo + {ll-hl^)T) F, 

Or, Os" 0, 

where Fi is an extension 

(65) Oto(-2Wo + 4-F) 

Oroi-SHo + 61,3-^) e Oroi-SHo + (7 - byj') 0. 

Without loss of generality we assume b := b\ ^ > A, and a := 62 4 ^ 6. The type of Tq is 
(3,2,1,1). 

Look at the composite morphism given by and 

a : Oroi-mo + aJ') ® Oroi-mo + {11 - a)T) 

Or.i-SHo + bF) © Or,{-mo + (7 - b)F). 
Now a can be expressed by a matrix 

ai a2 
with 

ai G H^{HQ + {b-a)T) 

a2 G H^{nQ + {a + b-ll)T) 

as G H^{nQ + {7 -a-b)T) 

04 G H^{nQ + {a-b-A)T), 

whose determinant gives a section g G H^{2Ho — 4J^) whose zero scheme contains S". 
If (a, 6) / (6,4), we have 

H^{Hq + {7 -a-b)T) = 

ii"°(P\Opi(10-a-6) © C'pi(9-a-6)©Opi(8-a-6)2) = 0, 

whence 03 = and 5 is a product of two sections of Tio + {b — a)J^ and Tio + {a — b — 
A)T respectively. But then S" would have degenerate fibers S"^', contradicting Proposition 
IsTTTbV 

So (a, b) = (6, 4) and we compute 

Exti(Oro(-37^o + 4-F) © Oro(-37^o + 3.F), O7i,(-27^o + 4.F) = 

H\P\Opi (3) © Opi (2) © Opi (1)2)© 
i/nP\Cpi(4) ©Opi(3) ©Opi(2)2) = 0, 

whence the sequence (|65|l splits and the first assertion follows. 

The second is then an immediate consequence of Proposition 18.291 □ □ 
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Note that by this result, S" is cut out in Tq by three sections q, c\ and C2 of C?ro (2^0—4^), 
OtJ) (STYo — 4J^) and (S'Hq ~ 3^) respectively. 

Now look at the three dimensional subvariety F of Tq defined by g G Otj, (27Yo — 4^). 
Arguing as in the proof of Proposition 18 . 71 we find that the class of in the Chow group 
of T is — 2Tr, whence iiV) has degree 4 and dimension 3 in P*^. As in (HHl (7.12)] 
we have that iiV) is a cone over the Veronese surface (whose vertex is the image of P) and 
that this variety is the (reduced) intersection of all quadrics containing S' . 

A very useful result is the following, involving so called "rolling factors" coordinates (see 
for example |Har| p. 59], |Ste| p. 3] or |R,e2j ): 

Lemma 8.33. The sections ofaH—hT on a smooth rational normal scroll of type (ei, . . . , e^) 
can he identified with weighted-homogeneous polynomials of the form 

where ii + ■ ■ ■ +id = cl, and Pi^^,„^i^{t,u) is a homogeneous polynomial of degree — 6+(iiei + 
h ided)- 

If we multiply P by a homogeneous polynomial of degree b in t, u, then we get a defining 
equation of the zero scheme of the section, in term of homogeneous coordinates of the projec- 
tive space, within which the scroll is embedded. Here X^j = t^u^''^^ Zk, for k = 1, . . . , d, and 
j = 0, . . . ,ek, are coordinates for this space. The equation is uniquely determined modulo 
the homogeneous ideal of the scroll. 

As a first application, we prove the analogue of Corollarv lH.Hll for c = 3. 
Corollary 8.34. Let = and c = 3. Then a resolution of Ogi as an O-r-module is: 
— > Or{-5n + {g- 6)^) — > ef=iOr(-3H + aiT) — > 

eLiOr(-2?i + biJ^) ^Or^ Os> 0, 
where all the Ui and bi > —1 and satisfy Yli=i bi = 2g — 12 and ai = g — 6 — bi. 

Proof. First recall that g >9. 

As a special case of Proposition 18 .231 we obtain that the resolution of Os" as an Otq- 
module is: 

Oro(-5Ho + {g- 1)^) eLiC?ro(-37^o + b^T) 

eLiOro(-27^o + feiT) Ot, Os" 0. 

From Corollarv 18.261 we get Y^i=ib\ = 2g — 2. The self-duality of the resolution in this 
particular case gives b2 = g — '\^ — b\/\iwe for example order the bi in a non-increasing way, 
and the 62 in ^ non-decreasing way. 

We will show that for all 5 > 9 all the > 1 and all the 62 > 2, so that we can push 
down the resolution to one of Os' as an Or-module. 

Look at the map 

$ : eLi07j,(-3Wo + blT) eLiC?7I,(-2^o + b\T). 

Just like in the analysis of pentagonal curves in [Hij, it follows from |B-Ej that the map $ 
is skew-symmetrical and that its Pfaffians generate the ideal of S" in Tq. See also j Waj . 
Let the type of Tq be (ei, . . . , 65), where 65 = 1 and Yll^i &i = g- 

A key observation is the following: 6} < ei -|- 63 and b\ < 2e2. The first inequality holds, 
since otherwise we would have a quadratic relation of the form f(t,u,Zi,Z2) = in each 
fiber. Hence the general fiber would be reducible, a contradiction. The second inequality 
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follows since its negation implies that Z\ is factor in one quadratic relation satisfied by the 

3 ~ 3 



points of 5", a contradiction. This gives h\ < ^('^i+^^+ea) _ 2{g e4) ^ j^^^^^ 



,1 1 a1 ^ ^ '^9 , 264 g - 3 + 264 . „ 
&2 = 5'-l-6i>5'-l-y + — = > 2, 

since g > 9. Hence > > 3 for all k. 

Another key observation is the following: b\ < ei + 64 and b\ < 62+63. The first 
inequality holds, since otherwise the two-step projection of the general fiber D" of 5" into 
the Zi, Z2, Zs-plane from P = (0,0,0,0,1) and Q = (0,0,0,1,0) would be contained in 2 
quadrics. This in only possible if the projected image is a line, and in that case the general 
fiber would be degenerate (contained in the spanned by this line and P and Q). This is 
impossible. The second inequality holds, since otherwise there would be two independent 
relations of the form 

Zif{t,u,Zi,...,Z5) + aZ| = 

for each fiber. In that case we could eliminate the Z|-term and obtain one relation with Zi 
as a factor, a contradiction. 

These two inequalities for bf imply 

,2 ^ ei + 62 + 63 + 64 _ g 
^ - 2 ~ 2' 

Now we assume for contradiction that 6f < 0. Then we get 

bl-b'l>bl-bl = {g-l-bl)-bl>g -1-^ = ^-1, 

for k = 2,3, 4. In the matrix description of the map $ there is one submaximal minor with 
one column consisting of zero and sections of Hq — (62 — b'DT, for k = 2, 3,4. If all entries 
of this column have Zi as a factor, that would lead to a contradiction, since the minor is 
the square of one of the generators of the (Pfaffian) ideal of S" on Tq. To avoid that Zi 
is a factor in each such entry, we must have 62 > f ~ This gives 61 + 62 > g — 2, and 
63 + 64 < (7 — (ei + 62) < g — (g — 2) = 2. Hence 63 = 64 = 65 = 1. But this implies that 
+ h^{R) > 3, contradicting Proposition 15.61 

Hence the assumption bf < leads to a contradiction, and bi > 1, for all k. Hence the 
entire resolution can be pushed down to one of Os' as an Or-module and the result follows. 

□ □ 

Remark 8.35. Assume that we are in the situation of Proposition 18.281 (i.e. the Betti- 
numbers of all the ipiiDx) are the same for all A, for instance if < 4), so that a finite set 
of sections of line bundles of type aHo~bT generate the ideal of the surface S" on the smooth 
rational normal scroll Tq of type (61, ... , ed-r-i, ^d-r, ■ ■ ■ , ^d), where ed-r = • ■ ■ = = 1, 
ed-r-i > 2, and V = SingT ~ p*"-! for some r > 0. Let W = i~^{V). This is a subscroll 
of Tq of type (1, . . . , 1), that is P'^ x P^. The ideal generators can be classified into 3 types: 

(a) Those that are sections of aTio — b!F = oH — {b — a)T, with b > a. 

(b) Those that are sections of aTio — b!F = oH — {b — a)T, with b = a. 

(c) Those that are sections of aTio — b!F = aTi — {b — a)T, with b < a. 

For those of type (a) it is clear from Lemma I8.HHI that their zero scheme contains W . 
Likewise one sees that those of type (b) can be written as 

f{t, u,Zi,...,Zd) + giZs+i, Zd), 
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where Zi or Z2 or . . . or Zs is a factor in every monomial of f{t, u, Zi, . . . , Z^), while g is 
homogeneous of degree a = b. Those of type (c) can be written as 

f{t,u,Zi, ...,Zd) + h{t,u,Zs+i,. . .,Zd), 

where / is as described for type (b), while h is bihomogeneous, of degree a — b > in t,u 
and degree a in ^s+i, . . . , Z^i. 

There is one fundamental difference between the sections of types (a) and (b) on one 
hand, and those of type (c) on the other. Those of types (a) and (b) are "constant" on the 
fibers of i, their zero scheme contains either the whole fiber, or no point on the fiber, for 
each P^, which is a fiber of i. For the sections of type (c) this is only true if h is the zero 
polynomial, and then its zero scheme contains all of W. 

We therefore see (referring to the notation of Proposition 18. 2311 that if bi > 2, for k = 
l,...,/3i (we must use the formulation b^j > j, for j = 2,3 and k = 1,...,^^^ in the 
special case (EO) in Corollary EinS with c = 1, and = 2) in the resolution of O s" as an 
Oro-module, then the ideal of S" is generated by "fiber constant" equations, and if Q is a 
point on Tq not on 5", then there is a fiber constant section of the type described, which 
does not contain Q in its zero scheme. In short, fiber constant equations cutting out S" in 
Tq are also equations of S' in T. 

In Section ^2 we will classify the possible projective models for g < 10, and in particular 
the singular scrolls T appearing as T(c, D, {Dx}) in the various cases, and we will also show 
that projective models giving scrolls of all these types exist. 

In Corollaries 18. 3H 18.321 and 18.341 we showed that in some particular cases we can push 
down the entire resolution of Os" to one of Os'- In the rest of this section, through a series 
of additional examples, we take a closer look at the rest of the singular scrolls appearing 
for g < 10, and using Lemma [8.331 we will find restrictions on the b^f. 

Recall the b^ and f3i described in Proposition 18.231 fsee also Remark l8.25|) . To make the 
notation simpler in the examples below, we give the following: 

Definition 8.36. Let bk denote b\, for i = 1, • • • f3i. 

In all the examples below we have < 4, so by Corollary 18 . 1 81 the Betti-numbers of the 
ipL{D\) are independent of the A. 

Example 8.37. We return to the situation studied in Example 18.201 and Example 18.271 
with c = 2, L>2 = 2 and 5 > 7. From Example EISZI we see that the ideal of S" in O7-0 is 
generated by four sections of the type 27^o — bkT, where X]fc=i = '^9 — 3. 

The type of Tq is (ei + 1, 62 + 1, 63 + 1, 1, 1), where all > and ei + 62 + 63 = 5 — 4. 
Let Q be the subscroll of Tq formed by the two last directrices, so Q is the inverse image by 
i of the line in P^ spanned by the images hy ipL of the basepoints of D. We see that Q is 
a quadric surface in P^. All the four sections of type 21-Lq — bkJ^ must intersect Q in, and 
therefore contain, the two lines that form the inverse image by i in Tq of the images hy 
of the basepoints of D . But this is simply the two last directrices. The intersection with Q 
for one such section is obtained by using Lemma [8.331 to express each of the sections, and 
set ^1 = ^2 = ^3 = 0. What remains must be a term of the type P2-bi,{t,u)ZiZQ, where 
P2~bk is zero if bk > 3, and a polynomial of degree 2 — bk otherwise. 

We order the bk as 61 > 62 > ^3 > &4- We see that if 64 < 1, in particular if 64 < 0, 
then 63 < 2, since otherwise the total intersection of Q with the four sections will consist 
of 2 — 64 lines transversal to the two directrices in addition to the two directrices. 

U g = 7, it is clear that Tq has type (2, 2, 2, 1, 1) or (3, 2, 1, 1, 1). Then Zi is a factor in 
all sections of 2TCq — bJ^ for 6 > 5 for both scroll types. Hence 61 < 4. If bi = 3, then the 
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only possible combination is (61, ... , 64) = (3, 3, 3, 2), since J^^k = H- If ^1 = 4, then the 
only a priori possibilities are (4, 4, 2, 1) and (4, 3, 2, 2). But (4, 4, 2, 1) is impossible for type 
(2,2,2,1,1), since we then have two quadratic relations between ^1,^2,^3 only. To see 
that this is impossible, let D" be any smooth curve in \ f*D — E\, which can be identified 
with its image under ifn- The variables Zi, Z2, Z3 restricted to D" correspond to sections 
of {H — E)£)g. Since this line bundle has degree 2g{D") = 4, it is base point free and its 
sections map D" into by a one-to-one or two-to-one map. This means that there is at 
most one quadratic relation between Zi, Z2, Z3, whence 62 < 3. So for type (2, 2, 2, 1, 1) the 
only possibilities for (61, ... , 64) are 

(3,3,3,2) and (4,3,2,2). 

For the type (3,2,1,1,1), for each fiber of Tq, the equations with bk < 2, restricted to 
the subscroll Zi = Z2 = with plane fibers, must cut out a subscheme of length 4 (such 
that each subscheme of length 3 spans a P^) (these are the cases (El) and (E2)). It takes 
2 equations to do this. Hence 63 < 2. Moreover 62 < 3. Assume 62 > 4. Then we would 
have two independent equations of type 

Zlfi^i ^; Z\,Z2^ Z3, Z4, Z5) -I- Z| 

for general {t,u). Prom these equations we can eliminate the Z|-term, and derive one 
equation with Zi as a factor. This is a contradiction. 

Hence the only possibility for (61, ... , 64) for the type (3, 2, 1, 1, 1) is (4, 3, 2, 2). 

If 5 = 8, then Tq has type (3, 2, 2, 1, 1). A similar argument as for g = 7, gives that the 
only possible combinations for (61, ... , 64) are 

(5,4,2,2), (5,3,3,2) and (4,4,3,2). 

For g = 9 the type of Tq is a priori either (3,3,2,1,1) or (4,2,2,1,1). In Section fTTl 
the type (4, 2, 2, 1, 1) is ruled out when D is perfect. For the type (3, 3, 2, 1, 1) we see that 
61 > 6 is impossible, since 27Yo — 6.F only has sections of the form f[Z\^Z2). Moreover 
64 < 2, since we need to cut out the exceptional fibers. Hence h\ = 5, otherwise the sum of 
the hi would be at most 14, and it is 15. Any section of TH.^ — hT can be written in terms 
of t, li, Zi, Z2, Z3 only. As for one case with g = 7 we see that we cannot have two quadratic 
relations between ^1,^2,^3 for general fixed (t, u), so ^2 < 4. We then see that the only 
possible combination is (?)i, 62, ^3, ^4) = (5,4,4,2). 

For g = 10 the type of Tq is a priori (3, 3, 3, 1, 1), (4, 3, 2, 1, 1) or (5, 2, 2, 1, 1). In Section 
ITTlit is shown that only the type (4, 3, 2, 1, 1) occurs when D is perfect. In this case a more 
detailed analysis gives that the only possible combinations for (5i, . . . , h^) are 

(6,5,4,2) and (5,5,5,2). 

Example 8.38. Let us study the case c = 2, = 4 and g = 9. This gives a non-primitive 
projective model, with L ~ 2D (it is the case (Q) described in the text above Theorem 15. 7p . 
The scroll T necessarily has type (2, 1, 1, 0, 0, 0) and Tq has type (3, 2, 2, 1, 1, 1). 
We will now find the bk- 

Lemma [8.331 gives 6a; < 4, for all k, since Zi is factor in every section of 2Ti.o — for 
6 > 5. The complete intersection Zi = Z2 = Z3 = in Tq is a subscroll N of type (1, 1, 1) 
with a plane in each fiber. The 7 equations cutting out S" in Tq must together cut out four 
points in each plane fiber, such that no three of these points are collinear, by Theorem 15.71 
It is clear that such a configuration of points is contained in exactly two quadrics in each 
plane. All sections of 27Yo — with 6 > 3 vanish on N, so we must have at least two of 
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the bk less than 3. Moreover, every section of 2Ho — can be written 

u, Zi, . . . , Z5) + aZl + + cZ|. 

If 64 > 4, there are four independent equations of this kind, so we could eliminate the three 
last terms and obtain one relation with Zi as a factor. This is a contradiction, so 64 < 3. 
This leaves the unique possibility (61,..., 67) = (4,4,4,3,3,2,2). 

The following proposition describes the particular case in Proposition 15.101 that is we 
have L ~ 2D, = 4 and c = 2 and D is hyperelliptic, which is also a particular case of 
the last example. In this case there is a smooth curve E (which is a perfect Clifford divisor 
for D) satisfying E"^ = Q and E.D = 2. Since {D - Ef = and {D - E).L = 4, we have 
D > E, so E does not satisfy the conditions (C6) and (C7). We will also see that E is not 
always a perfect Clifford divisor for L. 

Proposition 8.39. Let L and D be as in the particular case of Proposition \5.1(i (where 
S' C p9 is not the 2-uple embedding of (Pd{S)). 
Then we are in one of the following three cases: 

(i) 'R-L,E = o,nd D ~ E + E' , where E' is a smooth elliptic curve such that E.E' = 2. 

(ii) nL,E = {Ti,T2} and D r^2E + T1 + T2. 

(iii) 'R.L,E = {^0} o-nd D ~ 2E + Aq, where Aq has a configuration with respect to E 
as in (E2). 

Let T = T(2, E) be the scroll defined by \E\. 

In case (i), T is of type (2,2,2,0) and Os' has the following Or -resolution: 

— > Ori-m + ^T) — > Or{-2n + ^T) Or{-2n) 

— > Or — > Os> — > 0. 

In this case Sing T n 5' = 0, so 5' ~ S" where S" sits in the smooth scroll Tq of type 
(3,3,3,1). 

In the cases (ii) and (iii), T is of type (4,2,0,0) and its singular locus is spanned by 
< Z\ > (using the same notation as in Theorem. \5. ?)) . Moreover Os> has the following 
Or -resolution: 

(66) — > Ori-m + 4.F) — > Or{-2n + 4T) Or{-2n) — > Or — > Os' — > 0. 
Proof. The three cases follow from Proposition l5.11| by noting that we clearly have TZl,e = 

T^D,E- 

We have h^{L) = 10 and hP{L — E) = 6. We leave it to the reader to verify that in case 
(i) we have 

h°{L-2E)=3 and h^{L-3E) = 0, 
and that we in the cases (ii) and (iii) have 

h^{L-2E)=3, h^{L-3E)=2, h^{L-AE) = l and /i°(L-5E)=0. 

This yields the two scroll types (2, 2, 2, 0) and (4, 2, 0, 0) respectively. 
In the cases (ii) and (iii), one can show as in the proof of Theorem 15.71 that SingT =< 
Zx>. 

The statement about the resolution in part (ii) and (iii) follows from Proposition 18.231 
and the upper (large) table in Section 19.41 below. In case (i) the corresponding statement 
follows in part from these results. Proposition 18.231 and the table give that the resolution 
of Os" in case (i) is 

Oroi-mo + 8T) Oro(-27io + Or,, Os > 0, 
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or 

O^Oro(-4Ho + 8^) — > O7j,(-2?t:o + 6-F) © Oro(-2Ho + 2^) 

Or, Os" 0. 

On the other hand it is clear that there are no contractions across the fibres in this case. 
Assume we have the upper of these two resolutions. Prom Lemma fS. 331 we then get that 5" 
is cut out in Tq by two equations of the form: 

Piit, u)Z\ + P2(t, u)Z^Z2 + P3(t, u)Z^Zj, + P4(t, u)Zl^ 

P^it, U)Z2Z3 + Pe{t, u)Zl + CiZ + IZ4 + C2Z2Z4 + 03^3^4 = 0. 

Here all the Pi{t,u) are quadratic in t,u, and the cj are constants. But both these quations 
contain the directrix line {Zi, Z2, Z3, Z4) = (0,0,0,1) of Tq- This is precisely the inverse 
image of Sing T. Hence the inverse image of this line on S is contracted, a contradiction. 
Hence we are left with the lower of the two resolutions. Prom Corollarv l8.31l we then get the 
given resolution of Os' ■ The last details in the description of case (i) follow from Remark 
IFRl □ □ 

Remark 8.40. We see that in case (i) above, E is not perfect, since SingT is a point, but 
there are no contractions across the fibers. 

In the cases (ii) and (iii), E is however perfect. 

These two cases are therefore included in the table on p. 11031 funder scroll type (4, 2, 0, 0)). 
However, also D is a perfect Clifford divisor, so these cases can also be described as the 
case with scroll type (2, 1, 1,0,0,0) in the same table. 

Example 8.41. Let us study the case c = 3, 1)2 = 2 and g = 9. In Section EU we will show 
that projective models with such invariants occur, and that the scroll type of T is either 
(1,1,1,1,0,0) or (2,1,1,0,0,0) when D is perfect. By Proposition EISHl we have /3i,3 = 0, 
and by Corollarv 18.261 we have (3i^2 = 8 and Ylt=i ^fc = % ~ 4 = 23. 

Assume first that the type is (1, 1, 1, 1, 0, 0), which implies that Tq has type (2, 2, 2, 2, 1, 1). 
Lemma 18.331 gives < 4, for all /c, since h^{2Ti.o — bT) = for 6 > 5. The complete 
intersection Zi = Z2 = Z3 = Z4 = in Tq is & subscroll Q of type (1, 1) with a line in each 
fiber. The 8 equations cutting out 5" in Tq must together cut out two points in each fiber 
of Q (the inverse image in S" of SingT n S'). Por a general fiber, call these points Pi and 
P2. Order the b^ in a non-increasing way. To cut out the two points we must have bg < 2, 
since all sections of 27Yo — bj^ vanish on Q for 6 > 3. 

Por general {t,u), where the fiber D" of S" is smooth, D" is a smooth curve of degree 
7 and genus 2, which can be identified with a smooth curve in \ f*D — E\. The complete 
linear system \{H — -E)d"| is of degree 2g{D") + 1 = 5 and in particular very ample. Now 
Zi, Z2, Z^, Z4 (restricted to D") span H^{{H — E)£)ii), which embeds D" as a curve of degree 
5 and genus 2 in P^. As in Pxample 18. 191 we conclude from (SI] that this curve is contained 
in only one quadric surface. On the other hand all sections of 27^o — 4J^ can be expressed 
in terms of Zi, Z2, Z3, Z4 only. Hence no more than one of the bk can be 4. This leaves us 
with only two possible cases: 

(61,..., 63) = (4,3,3,3,3,3,2,2) or (3,3,3,3,3,3,3,2). 

Assume now that the type is (2, 1, 1, 0, 0, 0), which implies that Tq has type (3, 2, 2, 1, 1, 1). 
Lemma fS. 331 gives bk < 4, for all k, since all sections of 27Yo — b!F have Zi as factor if 6 > 5. 
The complete intersection Zi = Z2 = Z3 = in Tq is a subscroll N of type (1, 1, 1) with 
a plane in each fiber. The 8 equations cutting out S" in Tq must together cut out three 
independent points in each fiber of N (the inverse image in S" of SingT n S'). 
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Order the bk as above. To cut out the three points we must have <2, since all sections 
of 2Tlo — bT vanish on for 6 > 3, and a net of three quadrics is needed to cut out three 
independent points in a plane. On the other hand every section of 27Yo ~ can be written 

M, Zi, . . . , Z5) + aZl + + cZ|. 

This gives 64 < 3 as in Example 18.381 This leaves 

(61,..., 63) = (4, 4, 4, 3, 2, 2, 2, 2) or (4,4,3,3,3,2,2,2), 

as the only possibilities. 

Example 8.42. The case c = 3, = 2 and 5 = 10 is very similar to the analogous one 
for 5 = 9, treated in Example 18.411 and one can show in a similar way that 

(6i,...,68) = (4,4,4,3,3,3,3,2). 

We show in Section that the only possible scroll type for T is (2, 1, 1, 1,0, 0) when D is 
perfect, corresponding to the type (3, 2, 2, 2, 1, 1) for Tq. 

Example 8.43. In the case c = 3, = 4 and g = 10, it follows from Proposition 18.171 
that the Betti-numbers of the ^pL^Dx) are independent of the A. Now we have a projective 
model of type type (EG) (with /3i_2 = 12 and ^ 6^ = 4g' — 6 = 34) One can show that 

(6i,...,6i2) = (4,4,4,3,3,3,3,2,2,2,2,2). 

In Section ^2 it is shown that the only scroll type occurring for T is (2,1,1,0,0,0,0), 
which means (3, 2, 2, 1, 1, 1, 1) for Tq. 

Example 8.44. Let = and c = 3, as in Corollary EIHil 

We will show in Section ^2 that for g = 9 the only smooth scroll occurring as T = 
T(3, D) is of type (1, 1, 1, 1, 1), and the singular scrolls occurring are of types (2, 1, 1, 1, 0), 
(2, 2, 1, 0, 0) and (3, 1, 1, 0, 0), corresponding to the smooth types (3, 2, 2, 2, 1), (3, 3, 2, 1, 1) 
and (4,2,2,1,1) for Tq. We also show that all these occur. By using similar techniques 
as in the previous examples, one can show that (61, 62, ^3, ^4) = (2,1,1,1) for the type 
(1, 1, 1, 1, 1), {biM, h, h) = (4, 3, 3, 3, 3), (4, 4, 3, 3, 2) or (4, 4, 4, 2, 2) for the type (3, 2, 2, 2, 1) 
and (6i,62,^3,&4) = (4,4,3,3,2) or (4,4,4,2,2) for the types (3,3,2,1,1) and (4,2,2,1,1). 

For 5 = 10 we will show in Section ^2 that the only smooth scroll occurring as T = 
T(3, D) is of type (2, 1, 1, 1, 1), and the singular scrolls occurring are of types (2, 2, 1, 1, 0), 
(2, 2, 2, 0, 0), (3, 2, 1,0, 0), corresponding to the types (3, 3, 2, 2, 1), (3, 3, 3, 1, 1) and (4, 3, 2, 1, 1 
for Tq. We also show that all these occur. Again one can show that (61,62,^3)^4) = 
(2,2,2,1,1) for the type (2,1,1,1,1), (61,62,63,64) = (4,4,4,3,3) or (4,4,4,4,2) for the 
scroll type (3, 3, 3, 1, 1), and (61, 62, 63, 64) = (5, 5, 4, 2, 2), (5, 5, 3, 3, 2), (5, 4, 4, 3, 2), (4, 4, 4, 3, 
or (4, 4, 4, 4, 2) for the scroll types (3, 3, 2, 2, 1) and (4, 3, 2, 1, 1). 

9. More on projective models in smooth scrolls of K3 surfaces of low 

Clifford-indices 

In this section we will have a closer look at the situation described in Section d for c = 1, 
2 and 3. We recall that D is a free Clifford divisor on a non-Clifford general polarized K3 
surface S, and that T = T(c, D) is smooth, which is equivalent to the conditions = 
and TZl,d = when D is perfect. In any case these two conditions are necessary to have T 
smooth, and the pencil D\ is uniquely determined. The resolution of Os' as an Or- module 
was given in Proposition 17.21 



66 



TRYGVE JOHNSEN AND ANDREAS LEOPOLD KNUTSEN 



By Corollaries I8.,S1I and 18 .341 such resolutions exist also if T is singular if = 0. We 
will use this to take a closer look also at the situation for sing ular T (c, D) when = 
and c = 1, 2, 3. We end the section with a statement valid for general c. 

From the proof of Theorem 14. II it is clear that for each of the possible combinations of c 
and g there is an 18-dimensional family of isomorphism classes of polarized K2> surfaces with 
smooth scroll T(c, D, {D\}). Moreover it follows that there will be an 18 + dim(Aut(P^)) = 
n -\- {g + l)^-dimensional family of such projective models of K2> surfaces. This is true, 
simply because there is only a finite number of linear automorphisms that leaves a smooth 
polarized surface invariant. 

For each value of c (and g) one can pose several questions about the set (or subscheme 
of the Hilbert scheme) of projective models S' of K2> surfaces S with elliptic free Clifford 
divisor D and such that T is smooth. 

All scrolls of the same type are projectively equivalent, and hence the configuration of 
projective models of K2> surfaces in one such scroll is a projectively equivalent copy of that 
in another. Some questions one can pose, are: How many scrolls are there of a given type? 
How many projective models 5' are there within each scroll? In how many scrolls of a given 
type is a given S' included? 

The answer to the first question is well-known, the remaining ones we will study more 
closely. 

We start with the following well-known result from |Harj : 
Proposition 9.1. The dimension of the set of scrolls of type e and dimension d in is 

dim(Aut(PS)) - dim(Aut(P(^))) = {g + if - - - 5i, 
where 6i := j max(0, Cj — ej — 1). 

If D"^ = 0, we recall that d = c + 2 for the scroll T{c,D,{Dx}). 

9.1. Projective models with c = 1. We have g > 5. Let the projective model S' and 
the smooth scroll T = T(1,L>) be given. As is seen from Proposition 17.21 the surface S' 
corresponds to the divisor class 3H — {g — on T. Moreover, part (c) of the proposition 
can be applied so we can obtain a resolution in P^. This is even minimal, by the comment 
in [HEl Example 3.6]. 

Assume T has scroll type (ei, 62, 63), with ei > 62 > 63 

Proposition 9.2. The (projective) dimension of the set of sections of divisor type ?>7i — 
{g — 4)^ in T is equal to 29 + 62, where S2 ■= ^max(0,(7 — 5 — Yl^=i'^i^i)- Here the 
first summation is taken over those triples (01,02,03) such that Oj > 0, for i = 1,2,3, and 
Yl^=i — 3- If S' is smooth, a general section is a smooth projective model of a K3 surface. 

Proof We use the formula {P {£) , aH + bT) = /l°(P^ Sym"(f ) ® Opi (6)), with a = 3 and 
b = g — 4:. This gives 30 + 52. Being a smooth model of a K3 surface is an open condition 
on the set of sections of 37Y — {g — 4).F, and since one section, the one giving 5', is smooth, 
a general section of the linear system is so, too. □ □ 

We also have: 

Proposition 9.3. Each projective model S' of a K3 surface S of Clifford index 1 in P^ for 
g > 5, with T{c, D, {Dx}) smooth, is contained in only one smooth rational normal scroll 
of dimension 3. 
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Proof. In |SD| Part (7.12)] it is shown that the scroll T is the intersection of all quadric 
hypersurfaces containing 5". Moreover, any other smooth scroll T2 containing S' is an 
intersection of quadric hypersurfaces f |SD| Prop. 1.5(ii)]), each of course containing S'. 
Hence T2 contains T. Since the two scrolls have the same dimension and degree, they must 
be equal. □ □ 

From this we conclude: 

Corollary 9.4. Let a scroll type (61,62,63) be given, and let 61 and 82 be defined as above. 
Then 5i > 62, and there is a set of dimension 

{g + if + n + 82-81= dim(Aut(Pf )) + 18 + (52 - 5i, 

parametrizing projective models of K2> surfaces in smooth scrolls of the given type. 

Proof. From Proposition 19.11 we see that there is a ((<? + 1)^ — 12 — (5i)- dimensional set of 
scrolls of the same type as T in P^. We know that each S' in each such scroll is contained 
in only one scroll. In each scroll there is a (29 + (52)-dimensional set of projective models 
of K'i surfaces as described. We have 81 > 82, since otherwise there would be too many 
models with Clifford index 1. □ □ 

Remark 9.5. For c = 1 we have 

<5i = max(0, 61 — 62 — 1) + max(0, 61 — 63 — 1) + max(0, 62 — 63 — 1), 

and 

82 = max(0, 61 — 62 — 3) + max(0, 61 — 63 — 3) + max(0, 62 — 63 — 3) + 
max(0, 61 + 62 — 263 ~ 3) + max(0, 61 — 262 + 63 — 3). 

Moreover (5i = if and only if the scroll type is maximally balanced, and (52 = if the 
scroll type is "reasonably well balanced". It is clear that Ji = implies 82 = 0. We also see 
that if 5 < (7 < 8, then 82 = 0. Hence the cases (61,62,63) = (3,1,1) or (3,2,1) are cases 
where the number {g+lf + 17 +82-81 is strictly less than {g + lf + ll = dim(Aut(P^)) + 18, 
and it is clear that scrolls of these types cannot represent the general projective models with 
c = 1 and fixed g since by the construction as in Proposition 14. II we get an 18-dimensional 
family of such models. 

The inequality 81 > 82 does not follow directly from the formulas in Remark 19. 5( for 
example since 81 < 82, for scroll types {g — 4,1,1), when g > 11. This enables us to 
conclude that these and other scroll types with 81 < 82 do not occur for the scrolls formed 
from projective models of K3 surfaces as described. This statement will be strengthened 
to apply for g > 8 below. On the other hand the mentioned type (3, 1, 1) does occur for 
g = 7. This can be seen by using Lemma [8.331 

For g = 7 and type (3, 1, 1) one then gets a polynomial P of the form: 

P6,l(i, u)Zl + P^^iit, u)ZfZ2 + Pi,2ZfZ3 + P2,l{t, u)ZiZl + 
P2,2{t, u)ZiZ2Z3 + P2,3it, u)ZiZl + CiZf + 62^1^3 + 63^2^! + 64^!, 

where the Pij are homogeneous of degree i, and the are constants. For any fixed {t, u) 
and any fixed point in the P^ thus obtained, we see that we can avoid that point lying on 
the zero scheme of P by choosing the Pjj and Ck properly, so we conclude that the linear 
system \'i'H — {g — 4)J^| = |37Y — 2>T\ is base point free, and hence its general section is 
smooth, by Bertini. Irreducibility also follows by a similar argument. 
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Using Lemma IHinSl we see that for 5 = 8 any section of 3H — {g — 4)jr = 37i — AT on a 
scroll of type (3, 2, 1) can be identified with a P of the form 



a scroll of type (3, 2, 1) must have the directrix line, say F, corresponding to 63 = 1 as 
a part of its zero scheme. The fact that 82 < Si indicates that if we can form smooth 
projective models of K3 surfaces this way, the surface must have a Picard lattice of higher 
rank than two. We may check this. If L, E and F sit inside a lattice of rank 2, then we 
can write T = aL + bE, for rational numbers a, b. In addition we must have F^ = —2 and 
L.T = E.T = 1. It is easy to check that this is impossible. 

It is clear that the set of base points of the linear system 3H — AT is just the directrix 
line. This is true since for a fixed value of (i, u) (each fixed fiber) and a point Q outside 
(0,0,1), we can just change the P^^i{t,u)Zf-iexm. or the ^2,2(^5 'u)^!"^^™) if we want to 
avoid Q. If we choose ci 7^ 0, then we obtain that the zero scheme of the corresponding 
section intersects all fibers in curves, smooth at (0,0,1). (Here we set Z3 = 1 in order 
to write the equation of the curve in affine coordinates around (0,0,1). The existence of 
the non-zero linear term C1Z2 gives smoothness at this point.) Hence the zero scheme of a 
general section is smooth on all of T. We have basically used the identities 3e2 > g — A and 
62 + 2e3 = 5 — 4, to conclude as we do. See Remark 19.81 for references to other authors who 
have already used this kind of reasoning. 

Using Lemma [8.331 again we see that if g > 8, then any section of 3H — {g — A)T on a 
scroll of type {g — A, 1, 1) corresponds to a polynomial P with Zi as a factor, which means 
that its zero scheme must be reducible as a sum of sections H — {g — A)T (a subscroll of 
type (1,1)) and 2TI. Hence these scroll types cannot occur for T{c,D,{Dx}). In a similar 
way one can draw conclusions about sections on other scroll types. The observation above 
also has an interesting consequence for the types of singular scrolls T{c, D, {Dx}) arising 
for the case c = 1, = 0, 5 > 5. 

Corollary 9.6. The type of T{c, D, {Da}) is never {g - 2, 0, 0) for c = I and D"^ = 0. 

Proof. Assume the type of T(c, is [g — 2,0,0). Then the type of the associated 

scroll To is (5 — 1, 1, 1) = (go — 4, 1, 1), and the divisor type of S" in Tq is 3T-io — {go — A)T (see 
Example 18.91 and the proof of Corolla,rv l8.31|l . But we just observed that this is impossible. 



In general we conclude in the same way: 

Proposition 9.7. // a type {a,b,c) is impossible for a smooth scroll 
T{c, D, {Dx}) in P^ with c = 1 and = 0, then the type (a — 1, 6 — 1, c — 1) is im- 
possible for any scroll T{c, D, {Dx}) in P^-^ with c = 1 and = 0. 

We will make a list including all possible scroll types for smooth 
T{c, D, {Dx}), for g < 13, with c = 1 and D^ = 0. By the previous lemma, this will 
give a list including all scroll types of T{c,D,{Dx}), smooth or singular, for g < 10 and 
c = 1 and D^ = 0. In the column with headline mod." we give the value of 18 — 61 + 82- 

The information in the list is essentially contained in |R,e2j and |Ste| p. 8-10]. We include 
it for completeness, and for the benefit of the reader we also include, in R emark l9 . 81 b elow . 
a few words about how the information can be obtained. 




AT on 



□ 



□ 
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11 j_ 

scroll type 


// 1 

# mod. 


9 


11 j_ 

scroll type 


/ / 1 

# mod. 


9 


11 j_ 

scroll type 


// 1 

# mod. 


5 


/i -I 1 \ 

(i,i>i) 


18 


9 


(3, 2, 2) 


18 


12 


(5,3,2) 


16 


6 


(2,1,1) 


18 


10 


(5,2, 1) 


16 


12 


(4,4,2) 


17 


7 


(3,1,1) 


16 


10 


(4,3,1) 


17 


12 


(4,3,3) 


18 


'-7 

7 


(2,2,1) 


18 


iO 


(4,2,2) 


16 


13 


(7,3,1) 


18 


8 


(3,2,1) 


17 


10 


(3,3,2) 


18 


13 


(6,3,2) 


16 


8 


(2,2,2) 


18 


11 


(5,3,1) 


17 


13 


(5,4,2) 


17 


9 


(4,2,1) 


16 


11 


(4,3,2) 


17 


13 


(5,3,3) 


16 


9 


(3,3,1) 


17 


11 


(3,3,3) 


18 


13 


(4,4,3) 


18 








12 


(6,3,1) 


17 









This gives the following possibilities for singular types: 



9 


singular scroll types 


5 


(2,1,0) 


6 


(3,1,0), (2,2,0) 


7 


(4,1,0), (3,2,0) 


8 


(4,2,0) 


9 


(5,2,0) 


10 


(6,2,0) 



The dimensions of the families on the singular scrolls of type (ei, 62, 63) in are equal 
to those of type (ei + 1, 62 + 1, 63 + 1) on the corresponding smooth scrolls in P^"*"^. 

Remark 9.8. Among the smooth scroll types listed above, we may immediately conclude 
that a general section of 3H — {g — 4) is smooth, and hence a smooth projective model of 
a K3 surface, for the types 

(1, 1, 1), (2, 1, 1), (3, 1, 1), (2, 2, 1), (2, 2, 2), (3, 2, 2), 
(4, 2, 2), (3, 3, 2), (3, 3, 3), (4, 3, 3), (5, 3, 3), (4, 4, 3). 

These are the ones with 3e3 > g — 4. The last inequality implies that the complete linear 
system 3Ti. — {g — 4)jF has no base points, and hence a Bertini argument gives smoothness 
of the general section. The remaining types have the third directrix (of degree 63) as base 
locus. We have seen above that for the type (3, 2, 1) the zero scheme of the general section 
of 37Y — {g — 4)F is smooth, since 3e2 > 5 — 4 and 62 + 2e3 = 5 — 4. The same identities 
hold for the types (4, 3, 2), (4, 4, 2) and (5, 4, 2) also, so the zero scheme of a general section 
of 3H — {g — 4)^ is smooth for these types too. 

A similar argument can be made for the types (3,3,1), (4,3,1), (5,3,1), (6,3,1) and 
(7, 3, 1). Here the identity 3e3 < g — A gives that the third directrix curve (a line) consists 
of base points for the linear system. The identity 3e2 > g — A gives that there are no other 
base points. The identity ei + 2e3 = 5 — 4 gives that in each fiber the curve that arises as 
the intersection of that fiber and the zero scheme of a section of 37i — {g — 4).F is smooth at 
(0, 0, 1), provided we choose the section with a non-zero cZiZ|-term. The total zero scheme 
is also smooth then. 

The remaining possible smooth scroll types for < 13 on the list above are different, 
in the sense that for a general section of 37Y — {g — 4:)J^, the zero scheme of the section 
is singular at finitely many points. It turns out that for these types, which are (4,2,1), 
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(5,2,1), (5,3,2) and (6,3,2), the general zero schemes are singular at exactly one point 
each. 

The reason is the following: Since 3es < g — 4, the third directrix curve consists of base 
points for the linear system. Since 3e2 > (7 — 4 for these types, there are no other base 
points. Since 62 + 2es < g — A, there is no Z2Z|-term for any section. Since ei + 2e3 > g — 4, 
in fact ei + 2e3 = {g — 4) + 1 for all these types, there is no cZiZ|-term with c a constant, 
but there is an L{t, u)ZiZ^-term with L{t, u) a linear expression in t and u. If the section is 
chosen general, L(t, u) is not identically equal to zero. For all fixed (t, u) where L{t, u) 7^ 0, 
the zero scheme of the section of 37^ — (g — 4)^-" is then smooth. For the single zero of 
L(t,u), the zero scheme is however singular. 

A comment about the types not appearing on the list above: The smooth scroll types 
(4, 4, 1), (5, 4, 1), (6, 4, 1), (5, 5, 1) are eliminated the following way: A section of 37^— (5— 4)jF 
can have no term containing a Z|Zj-term for these scroll types. Hence all plane cubics in 
the pencil are singular where they meet the linear directrix. But this is a contradiction, 
since the general element in the pencil \D\ is smooth. Here we have used the identity 
ei + 2e3 < g — A for these types. The other types are eliminated because Zi must be a 
factor in each relevant section, a contradiction. These are the types with 3e2 < g — 4. 

The necessary and sufficient condition "ei + 2e3 < g' — 4 or 3e2 < 5 — 4" for eliminating 
scroll types is given in |R,e2j . as quoted in |Ste| Lemma 1.8.]. In |Ste| p. 9] one also describes 
on which scroll types a general section of 3H — {g — A)T is singular in a finite number of 
points. 

In Section ^2 we will show that all the types listed above for g < W actually occur. 

Remark 9.9. One does not have to use the resolution from Proposition 17.21 to see that a 
projective model S' of a K3 surface of Clifford index one in a smooth scroll T as above must 
be of divisor type 37i:- (^-4)^^ in T. Define the vector space W = H^{Js'{3))/ H^{Jt{3)). 
In a natural way W represents the space of cubic functions on T that vanish on S' . 
Study the exact sequences: 

H\js>m H^OM-i)) H\Os'{2.)) H\js>{3)) 

and 

H\jr{3)) //°(Op«(3)) H\Or{3)) H\jr{3)) 0. 
One obtains dimVF = h^{Js'{'i))-h^{Jr{3)) = g-3, since h^{OTi3))-h^iOs'{3)) = g-3 
and h^{Js'{3)) = /iHJt(3)) = (see [HEl Prop 1.5(i)]). Take g-3 arbitrary fibers F of the 
ruling on T, that is g — 3 planes. For each plane it is one linear condition on the elements 
in W to contain it (since this is equivalent to contain an point in the plane outside S'). 
Hence containing all the g — 3 planes imposes g — 3 conditions. These conditions must be 
independent, since otherwise there would be a cubic in P^, not containing T, and containing 
the union of S' and g — 3 planes. This union has degree {2g — 2) + {g — 3) = 3g — 5. But 
by Bezout's theorem the cubic and T intersect in a surface of degree 3g — 6. Hence, in 
particular, any choice of g' — 4 planes gives independent conditions, and there is one, and 
only one, hypercubic (modulo the ideal of T), which contains S' and g — A planes in the 
pencil. By Bezout's theorem, it does not contain more. Hence S' in a natural way is a 
section of 37i — {g — 4)F. 

9.2. Projective models with c = 2. Let T = T{2,D) with D"^ = 0. We have g > 7. 
Denote the type of T by (61,62,63,64). Proposition [Ola) (or Corollarv 18.311 if T is not 
smooth) gives that S' is a complete intersection in T of two divisors of type 2H — hi!F 
and 2TL — . By convention, we set h\ > 62- Part (d) of the same proposition gives the 
well-known fact that 61 + 62 = 5 — 5. Such a situation has been thoroughly investigated 
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in |Brj . As already mentioned in the proof of Corollary I8.,S4| it follows from |Br| Thm. 
5.1] that S' is singular along a curve if 61 > H(£l±£2+e3)^ equivalently 62 < £ii2+2£4_ 
Hence b2 > for g > 7, for complete intersections with only finitely many singularities. 
Since in particular 62 > —1, it is clear that part (b) and (c) of Proposition 17.21 can be 
used to give a resolution of S' in P^. This resolution is minimal because of the comment 
in [23 Example 3.6]. The fact that 62 > means that S' can be viewed geometrically as 
a complete intersection of one hyperquadric containing bi three-planes in the pencil, and 
another containing 62 three-planes (throwing away the three-planes and taking the closure 
of what remains). 

Let us study projective models in smooth scrolls for c = 2 and = in general. We see 
from Proposition 19 . II that the set parametrizing the scrolls having the same type as T has 
dimension {g + 1)^ — 19 — (5i = dim(Aut(P^)) — 18 — 5i, where 61 := j max(0, — ej — 1). 
Therefore one expects the set of projective models of smooth K3 surfaces in each scroll 
to have dimension 36 if the scroll type is reasonably well balanced, to get a set of total 
dimension dim(Aut(P^)) -|- 18. This "expectation" is based on the natural assumption that 
a set of total dimension dim(Aut(P^))-|-18 arises from 5' that sit inside maximally balanced 
scrolls. In this case there are two different sources of imbalance; that of the e^, and that of 
the bk- We will look more closely at this. 

Set 82 ■= max(0, 61 — 62 — 1)- Assume first 61 > 62. We calculate 

dim \OTi2n - 61 J^) I = 5g-6- IO61 + ^3, 

where ^3 := h^{Sym'^ £ ® Opi (-61)) = if and only if 64 > 
By the same sort of calculation we of course get 

dim \Ori2n - 62J^)| = 5g-6- IO62 + ^4, 

where ^4 := h^Syu? £ Opi (-62)) = if and only if 64 > 

Now fix a zero scheme F of a section s of 27i — biT, and study the exact sequence 

— > Ot((6i - 62)^) — > OT{2n - 62-F) — > OY{2n - 62^) — > 0. 

This induces a sequence 

^ H^Ordbi - b2)J^)) -^H^{Or{2n-b2T)) 

H^{OY{2n - 62^)) H\Or{{bi - b2)T)). 

Since /i°(Cr ((61 - 62)^^)) = 61-62 + 1 and h^{Or{{bi - 62)^)) = 0, we obtain 

dim \OY{2rL - 62^)! = dim |Or(2H - 62^)] - (61 - 62 + 1) 

= 55 - 6 - IO62 + ^4 - (61 -62 + 1) 

= 55 -8- 1062-^(^4 -'52. 

Summing up, we obtain 

dimC>r(27^ - 61 J^) + dimOy(2W - 62^^) 
= 55 - 6 - IO61 -h ^3 5c/ - 8 - IO62 + 5i-52 
= lOg - 14 - 10(61 + 62) -82 + 5^ + 5^ 
= 36 -(52 + 53 + <54. 

In particular, if g is even, 61 — 62 = 1 and 64 > ^^2"'" = ^t^j g^t 36. We remark that 
is just I less than the average values of the Cj. In general there is thus a (36 — ^2 -|- ^3 -|- 84)- 
dimensional set of complete intersections of type {2TC — biT, 2H — b2J^), provided the section 
■s is uniquely determined. The latter fact follows, for example by the same kind of argument 
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as in [Scl (6.2)], , where scrolls arising from tetragonal curves are treated (see also the proof 
of Proposition 19.121 below) . 

We now assume bi = b2{= h = ^^), which can only occur if g is odd. Then hP {27i—b!F) = 
/i°(P\ Sym2(£') O Opi (5)). This number is of the form 20 + = 20 + ^4, where and ^4 
are defined as in the case above. We see that = ^4 = if and only if 2e4 — b > —1, or 
equivalently 64 > The average value of the Cj is which is just one more. The set of 
complete intersections corresponds to an open set in the Grassmannian G(2, /i°(2W - bT)), 
which has dimension 36 + 2^3. Hence we get the expected number if bi = 62, and the Cj are 
well balanced. Whether hi = 62 or not, we have now proved: Let a scroll type ei, 62, 63, 64) 
be given, and let 82^ 5/^ be defined as above in this section, and let 5i be defined as in 
Proposition 19.11 

Proposition 9.10. The set of complete intersections of type {2Ti. — biJ^,2H—{g — 5 — bi)J^) 
on a smooth rational normal scroll of dimension 4 in of type (ei, 62, 63, 64) is either empty 
or of dimension 36 — 62 + S3 + 64. 

Corollary 9.11. The set of complete intersections of type {2Ti. — biJ^, 2H — (g — 5 — bi)T) 
with no or finitely many singularities on a smooth rational normal scroll of dimension 4 in 
P^ of type (61,62,63,64), is either empty or of dimension at least 36 if 61 > 1. 

Proof. Set s = hi — If s = 0, then 62 = 0, and there is nothing to prove. If s > |, then 
^2 = 2s — 1. We split into 4 subcases: 61 + 62 + 63 + 64 = 4e + /i, where h = 0,1, 2, 3. If 
h = 0,l, we have if <5i > 1: 264 < 2([^J - 1) < and 63 + 64 < ^ - 1 = This 
gives 61 - 264 - 1 > ^ + s - 2^ - 1 = s, and 61 - (63 + 64) - 1 > ^ + s - 2^ - 1 = s - 1. 
Hence 

83 = h\P\Sym^{£) ® Opi{bi)) > s + {s - I) = 2s - 1 = 82, 
and then the result follows from Proposition 19.101 

If /i = 3, essentially the same method works (look at the three terms 61 — 2e3 — 1, 
&i — 63 — 64 — 1 and bi — 264 — 1). 

If /i = 2, then essentially the same method works (look at the six terms of the form 
61 — 64 — 6j — 1, for i,j = 2, 3, 4), except in the case s = 1, and {ei, 62,63, 64) = (6 + 2, e, e, e). 
But in that case 61 = ^ — h 1 = 26 + 1. Using Lemma [8.331 we see that that Zi is a factor 
in every section of 27i — biT, so this case simply does not occur. See also the appendix of 
[B7j . □ □ 

If we add the assumption that there exists at least one smooth model 5' of a given 
intersection type, giving rise to a scroll of a given type, then we can conclude that there 
is a set of dimension (36 — 82 + 83 + ^4) parametrizing smooth projective models S' in a 
scroll of the given type. We see that if the scroll type or (6i,62)-type is unbalanced, the 
dimension of the set of complete intersections (smooth or singular) can a priori go up, or 
it can go down from its "expected" value 36. Prom the last corollary, however, we see that 
the dimension goes down only if the scroll type is maximally balanced, and the intersection 
type is not. 

If we just start with an arbitrary scroll type (61, 62, 63, 64), with 64 > 1, Yld-i = 9 
and "intersection type" 61 > 62 > 0, with 61 + 62 = 5 — 5, it is an intricate question to 
decide whether there are any that are smooth projective models of K?, surface, or any that 
are not singular along a curve. This problem is studied in detail in |Br| . and we will study 
the cases for low g in Section [9^ 

The question whether a projective model S' can be included in several scrolls of the same 
type simultaneously is not as simple to answer as in the case c = 1. In the case c > 2 the 
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scroll T is no longer the intersection of the hyperquadrics containing S'; in fact S' itself is 
that intersection |SDj . The question is essentially how many divisor classes of elliptic curves 
E with E.L = c + 2 there are on S. 

On the other hand it is clear that a projective model cannot be contained in a positive 
dimensional set of scrolls of the type in question. There is a discrete family of divisor classes 
on 5, so the dimension of the family of smooth projective models of K3 surfaces on scrolls 
of the type in question is now, as for c = 1, equal to the sum of the dimension of the set 
of scrolls of a given type and the dimension of the set of smooth projective models of that 
type. This sum is 

{g + 1)2 - 19 - 5i + (36 - 52 + 53 + 54) 
= dim(Aut(P5)) + i8-5i-52 + 5s + 5^. 

To obtain the dimension of the set of projective equivalence classes, since only a finite 
number of automorphisms of fixes a K3 surface, we subtract the number dim(Aut(P^)) 
and get 

18 -52 + 53 + 5i. 

By Theorem 14.11 this number is equal to 18 for at least one scroll type, where there exists 
smooth complete intersections of that type, and where the fibers of the complete intersection 
represent a free Clifford divisor on S with c = 2. It is clear that if we choose the most 
balanced scroll type for a fixed g, then 5i = 0. If in addition we choose the most balanced 
(fei, 62)-type, then 52 = ^3 = ^4 = 0. Using Lemma [8.331 it is also easy to prove that for all 
g the most balanced scroll and intersection type (the unique combination for fixed g with 
5i = 52 = 0) then a general complete intersection will be a smooth projective model of a 
K3 surface. 

9.3. An interpretation of 61 and 62. We will briefly study the case c = 2 in an analogous 
manner as the case c = 1 was studied in Remark 19.91 when we showed that a projective 
model of a K3 surface of Clifford index one with smooth asssociated scroll T must be of 
divisor type 3Ti. + {g — 4)^ in T without using the resolution from Proposition 17.21 

Define the vector space W = {Js' {2)) / {Jr{2)) . In a natural way W represents the 
space of quadric functions on T that vanish on S' . 

As in RemarkElone obtains dimP^ = h^{Js'{2))-h?{Jr{2)) = g-3, since /i°(Or(2))- 
h°{Os'i2)) = g - 3 and h^{Js'{2)) = h^{Jr{2)) = (see ^ Prop. 1.5(i) and Theorem 
6.1(ii)]. Assume g is odd. Take h = arbitrary fibers F of the ruling on T, that is three- 
planes. For each three-plane we have two independent linear conditions on the quadric 
hypersurfaces to contain it. (First, take one point in the three-plane, not on S' . There is 
only one quadric surface in the threespace containing this point and the intersection with 
S' . Then take another point outside this quadric surface. To contain these two points and 
S' is equivalent to containing the threespace and S' .) So, one naively expects there to be 
2b = g — 5 conditions to contain all the b three-planes. Hence there should be a pencil, and 
only a pencil, of elements of W doing so. Intersecting the elements of the pencil, one would 
expect to get the projective model of the K3 surface. If it really were so simple, however, all 
intersection types (61,62) would be completely balanced. This is not always true, and one 
reason is that two different elements of W may intersect T in a common threedimensional 
component dominating P^ in the fibration on T. 

We are therefore not able to imitate the reasoning of Remark 19.91 and thereby establish 
the fact that the ideal of S' in T is generated as it is, without using Proposition 17.21 On 
the other hand we may use the knowledge that we have from Proposition 17. 2| that S' is 
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indeed of intersection type (271! — biJ^, 27i — 62^) in its scroll. Make no assumption on the 
parity of g. 

Proposition 9.12. The invariant bi is equal to the largest number k, such that there exists 
a non-zero element Q of W (a hyperquadric in containing S' , but not T) containing k 
three-planes in the pencil. 

Moreover, 62 is the largest number m, such that there exists a non-zero element of W 
containing m three-planes in the pencil, and intersecting T in a different 3-dimensional 
dominant component than Q does. 

Proof. Define two elements in W to be congruent if they have the same dominating three- 
dimensional component (but possibly differ in which three-planes they contain). Define the 
index of an element of W as the number of three-planes it contains (if necessary, counted 
with multiplicity). It is clear that if two elements of W are congruent, then they have the 
same index (they correspond to a well defined divisor class 2TC — iT, where i is the index). 
It follows from a Bezout argument that if the sum of the indices of two elements is larger 
than 2b = g — 5, then they must be congruent. This shows both assertions. It also shows 
that the element in 2TI — biJ- which any element in W with index larger than b gives rise 
to, is the same. (This element is nothing but the congruence class of the element in M^.) 
□ □ 



9.4. Possible scroll types for c = 2. Almost all the information in this subsection can 
also be found in |Brj and |Stej . taken together, but we include it for completeness, and 
present it in our own way, for the sake of the reader. 

Also in the case c = 2 it is possible to use Lemma [8.331 to obtain useful conclusions for 
many concrete scroll types. First we will look at possible smooth scroll types for g < 10. 

For g = 7 and g = 8, the only possible smooth scroll types are (1, 1, 1, 1) and (2, 1, 1, 1), 
respectively. For g = 7, Lemma [8. HHI immediately gives 61 < 2. Here 61 + 62 = 2, so 62 > 0. 
For g = 8 we see that Zi is a factor in every section of 2H — biJ^, for 61 > 3. Since a 
reducible section which is the sum a section Ti — 2T and a section 7i — {b — 2)T would 
intersect another section of type 271 — 62-^ in something reducible, alternatively since S' is 
non-degenerate, we must have b\ = 2 and 62 = 1- 

For (7 = 9 we have bi + b2 = 4: and two smooth scroll types (2, 2, 1, 1) and (3, 1, 1, 1). For 
the latter type Lemma IK. 331 gives 61 = 62 = 2, since any section of 271 — bj^, with 5 > 3 must 
be a product of a section 7i — b!F and a section of TL. For the type (2, 2, 1, 1) any section of 
27i — has a zero scheme containing the subscroll generated by the two linear directrices 
(a quadric surface Q). If b\ = 3, then 62 = 1, and the section 27i — 62-^ intersects Q as a 
curve of type (1,2) on Q. This is a rational twisted cubic F. This corresponds to the fact 
that 61 = 63 = 64 = and ^2 = 1, so that the set of complete intersections inside T has 
dimension at most 3G — 82 -\- 63 + 84 = 35, and taking the union over all T of the same type 
we get dimension at most dim(Aut(P^)) -|- 17. 

Any section of 27i — AT has a zero scheme, which restricts to two lines in each fiber of 
T. This is impossible if this scheme shall contain a (necessarily non-degenerate) model S' . 
We also have /i°(2W - 6J^) = for 6 > 5. Hence bi is 2 or 3. 

For g = 10, we have 61 -|- 62 = 5 and a priori three possible scroll types (4,1,1,1), 
(3, 2, 1, 1) and (2, 2, 2, 1). But the first cannot occur, since any section of 2?^ — biT must 
have total weight —61 < —3, and then Zi must be a factor, using Lemma 18.331 This is 
impossible. Likewise, if T has type (3, 2, 1, 1) and bi > 5, we conclude that Zi must be a 
factor, again impossible. The cases 61 = 4 and 5i = 3 are however possible. 
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If r has type (2, 2, 2, 1), then h < 4, since /i°(2H - = if 6 > 5. If 6i = 4, then the 
zero scheme of any section of 271! — biJ^ = 2TC — 4jr contains the hnear directrix of T twice 
(its equation is a homogeneous quadric in ^1,^2,^3 involving neither Z4,t nor u). If we 
intersect with a section of 2Ti. — 62-^ = 2Ti. — T , and interpret it as the intersection with a 
quadric containing a fiber, and throw away the fiber, the residual intersection with T must 
contain one point of its linear directrix. This must then be a singular point of 5'. Hence 
only 61 = 3, 62 = 2 gives a smooth S' for this scroll type. For these invariants bi = 0, for 
i = 1,2,3,4, so we get a family of total dimension dim(Aut(P^)) + 18. 

So far we have studied smooth scroll types for 7 < (7 < 10. At this point we could either 
proceed with smooth scroll types for g > 11, or look at singular scroll types for g > 7. 
These topics are closely related. Assume we have a singular scroll T(c, D, {Dx}) for g > 7, 
= 0, c = 2. Then the associated smooth scroll Tq is contained in PS'+'^, with a resolution 
as in Proposition 18.231 

^ OToi-mo + {g - ®l=iOT,{-2no + bkT) 

Or, Os" 0. 

So, at this point we can use the method of rolling factors to check what scroll types in P3+^ 
that may contain a surface like S" . Scroll types (ei + 1, . . . , 64 + 1) for Tq correspond to 
types (ei, . . . , 64) for T. 

Let us study complete intersection surfaces in smooth scroll types for g = 11 with this 
dual viewpoint. Now 61 + 62 = 6 and degT = 8 and there are a priori 5 different possible 
scroll types: 

(5,1,1,1), (4,2,1,1), (3,2,2,1), (3,3,1,1) and (2,2,2,2). 

The type (5,1,1,1) cannot occur, for the same reason that (4,1,1,1) cannot occur for 
9 = 10. 

For (4, 2, 1, 1) and (3, 3, 1, 1) we can conclude that Zi or Z2 is a factor in every term of 
every section of 27Y — 3.F. This gives that the subscroll formed by the two linear directrices 
is contained in S' (or S"). This is clearly impossible. Hence 61 > 4 for these types. 

If bi > 5, then Zi is a factor in every section of 2Ti. — biT, for each of the types 
(4, 2, 1, 1), (3, 2, 2, 1) and (2,2,2,2), which gives a contradiction. For the type (3,3,1,1) 
we argue as follows: If bi > 5, then no term of the form ZiZs or Z^Z^ can occur as factor 
in a monomial of a section of 2Ti. — 61 JP", so for each fixed value of {t, u) we get a quadric 
in Zi, Z2 only. This defines a union of two planes in each which is a fiber of T (or %). 
Hence each fiber of S' (or S") is degenerate, a contradiction. So bi = 4. 

We make the same kind of considerations for all g < 14. We end up with the following 
a priori possible combinations of smooth scroll type and 61, for 7 < (7 < 14 (of course 
62 =5 — 5). For each scroll type and intersection type (61,62) we indicate whether the 
general zero scheme of a complete intersection of type {2H — biT, 2'H — 62^) is smooth or 
singular. See also Remark 19.131 In the column with headline " # mod." we give the value 
of 18 — 61 — 62 + + S4. This table contains information that can also be found in |Brj and 
|Stej . taken together. In |Br| all possible scroll and intersection types for smooth scrolls for 
all 5 > 7 are listed, and in |Stej the information on the moduli of the corresponding families 
are given. We include the list for g < 14, since it will be useful in the study of projective 
models on singular scrolls, and for the lattice-theoretical considerations in Section [TTl 
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g 


11 j_ 

scroll type 


7 


comp. int. 


# mod. 


9 


11 i_ 

scroll type 


7 


comp. int. 


# mod. 


7 


(1, 1, 1, 1) 


1 


O i_1 

bmootn 


18 


12 


(4, 3, 1, 1) 


5 


O i_1 

Smooth 


16 


7 


(1, 1, 1, 1) 


2 


bmootn 


17 


12 


(4, 2, 2, 1) 


4 


bmgular 


15 


8 


(2, 1, 1, 1) 


2 


O i_1 

bmootn 


18 


13 


(3, 3, 2, 2) 


4 


O i_1 

Smooth 


18 


9 


(2, 2, 1, 1) 


2 


bmootn 


18 


13 


(3, 3, 2, 2) 


5 


Smooth 


17 


9 


(2, 2, 1, 1) 


3 


bmootn 


17 


13 


(3, 3, 3, 1) 


A 

4 


Smooth 


17 


9 


(3, 1, 1, 1) 


2 


O i_1 

bmootn 


15 


13 


(3, 3, 3, 1) 


6 


O i_1 

Smooth 


18 


10 


(2, 2, 2, 1) 


3 


bmootn 


18 


13 


(4, 2, 2, 2) 


A 

4 


Smooth 


15 


10 


(2, 2, 2, 1) 


4 


O • 1 

bmgular 


17 


13 


(4, 3, 2, 1) 


4 


Singular 


16 


10 


(3, 2, 1, 1) 


3 


O i_1 

bmootn 


16 


13 


(4, 3, 2, 1) 


5 


O i_1 

Smooth 


16 


10 


(3, 2, 1, 1) 


4 


bmgular 


17 


13 


(4, 3, 2, 1) 


6 


Smooth 


18 


11 


(2, 2, 2, 2) 


3 


O i_1 

bmootn 


18 


13 


(5, 3, 1, 1) 


6 


O i_1 

Smooth 


17 


11 


(2, 2, 2, 2) 


4 


bmootn 


17 


1 A 

14 


(3, 3, 3, 2) 


5 


Smooth 


18 


11 


(3, 2, 2, 1) 


3 


bmootn 


17 


14 


(3, 3, 3, 2) 


6 


Smgular 


17 


11 


(3, 2, 2, Ij 


4 


bmootn 


17 


1 A 

14 


(4, 3, 2, 2j 


5 


Smooth 


16 


11 


(4,2,1,1) 


4 


Singular 


15 


14 


(4,3,2,2) 


6 


Singular 


17 


11 


(3,3,1,1) 


4 


Smooth 


16 


14 


(4,3,3,1) 


5 


Smooth 


17 


12 


(3,2,2,2) 


4 


Smooth 


18 


14 


(4,4,2,1) 


5 


Singular 


16 


12 


(3,3,2,1) 


4 


Smooth 


17 


14 


(5,3,2,1) 


5 


Singular 


15 


12 


(3,3,2,1) 


5 


Smooth 


17 


14 


(5,3,2,1) 


6 


Singular 


16 



For perfect Clifford divisors D with = and singular scrolls T = T(2, D) we get the 
following list of a priori possible cases in P^, for 7 < 5 < 10 (subtracting 2 from all values 
of hi for S" in % in P9+4, for i = 1, 2): 



9 


sing, scroll type 


61 


{S")virt 


9 


sing, scroll type 


61 


("S* )virt 


7 


(2,1,1,0) 


1,2 


Smooth 


9 


(4,2,0,0) 


4 


Smooth 


7 


(2,2,0,0) 


2 


Smooth 


9 


(3,2,1,0) 


2,3 


Smooth only for 61 = 3 


7 


(3,1,0,0) 


2 


Singular 


9 


(2,2,2,0) 


2 


Smooth 


8 


(3,2,0,0) 


3 


Smooth 


10 


(4,2,1,0) 


3,4 


Singular 


8 


(3,1,1,0) 


2 


Singular 


10 


(3,3,1,0) 


3 


Singular 


8 


(2,2,1,0) 


2 


Smooth 


10 


(3,2,2,0) 


3 


Smooth 



Remark 9.13. For each smooth scroll T and intersection type where the general element 
5' is smooth (on the upper list of types for 7 < 5 < 14) it is clear that we have a smooth 
projective model of a K3 surface. For the remaining cases (on that list) it is natural to 
interpret them as projective models S' of K3 surfaces by non-ample linear systems. The 
types on the upper list are the only ones for g < 14 where a general complete intersection 
{2Ti. — biT, 27{ — 62^^), with 61 + 62 = 5 — 5, is either smooth, or singular in a finite number 
of points. In Section ^2 moreover, we describe all projective models for low g, including 
those with c = 2. All scroll types listed above (smooth as in the upper list or singular as in 
the lower list) for g < 10 reappear in the description in Section [TTl 

To decide which intersections that are in general smooth, which intersections that are in 
general singular in finitely many points, and which intersections that are in general singular 
along a curve (or even reducible) one uses Lemma [8.331 similarly as in |Br| and |Ste| . In 
particular we have checked with the Appendix in (Brj . which gives a list of smooth complete 
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intersection K3 surfaces in 4-dimensional smooth rational normal scrolls and also a list of 
relevant intersections with only finitely many singularities. 

On the lower list, concerning singular scrolls for < 10, we have listed all scroll and 
intersection types which might a priori appear as "images" by the map i of scrolls Tq and 
surfaces S" on the upper list, provided that the Clifford divisor D is perfect. 

In the columns with heading {S")mrt we have indicated whether a general complete 
intersection of type in question on Tq, which contains the exceptional divisor of the map i 
from Tq to T, is smooth or singular. We call such a complete intersection {S")mrt, since 
we do not a priori know that it is an S" . If D is perfect and the scroll T is singular, each 
occurring projective model S' on T is of course also singular, but S" smooth means that 
all singularities of S' are due to contractions across the fibers; there are no contractions in 
the individual fibers. 

We will illustrate that the issues whether a smooth scroll T{2, D) and an associated 
intersection type for a model S' appears on the upper list, is different from the issue whether 
the scroll and intersection type appears for a Tq and a S" . If D is perfect, it is a priori 
possible that all complete intersections, or a general one, represents a model S\ but not an 
S" . As an example, look at the type (3,3,3,1), with (61,62) = (6,2). Then S' consists of 
the common zeroes of two sections of the form 

ciZf + C2Z1Z2 + C3Z1Z3 + C4ZI + C5Z2Z3 + cqZI 

and 

/(t,u, ^1,^2,^3,^4) + cjZl, 

where /(t, it, Zi, Z2, Z3, Z4) is contained in the ideal generated by ^1,^2,^3. The general 
such intersection is smooth, and does not intersect the last directrix {Zi = Z2 = Zz = 0) at 
all. But in order to be a surface of the form S", associated to a perfect Clifford divisor D, 
the intersection must contain the last directrix. This forces C7 to be zero. In that case the 
intersection is no longer smooth, in fact it contains the directrix in its singular locus, and 
hence it cannot be an S" . Hence scroll type (3,3,3, 1) with 61 = 6 appears on the upper 
list, but the corresponding "pushed down" type (2,2,2,0) does not appear in combination 
with (the revised) bi = 4. 

A similar, but slightly different case, is the scroll type (3, 2, 2, 1) and intersection type 
(4, 2). Then a surface of the form S' would consist of the common zeroes of two sections of 
the form: 

P2,iit,u)Zl + Pi,i{t,u)ZiZ2 + Pi^2it,u)ZiZs + 

CiZ| + 02^2.^3 + C3ZI + C4Z1Z4 

and 

f{t,U,Zi, Z2, Z3) + P2^2it,u)ZiZi + 
Pl,3(t, 14)^2^4 + Pl,4(i, u)Z3Z4 + C^Zj. 

If this is an S" for a perfect Clifford divisor D, then it contains the last directrix, which 
means C5 = 0. Even if C5 = 0, the intersection will in general be smooth if C4 7^ 0, and Pi_3 
and Pi^4 have no common roots. In this example only a subfamily of positive codimension 
of the (dim Aut(P^) + 18 — (5i — ^2 + (^3 + 54)-dimensional family of all complete intersections 
of that type are of the form S" . 

Remark 9.14. If we only assume that D is free (and not perfect), we get the following 
additional a priori possible cases: 
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9 


sing, scroll type 


bi 


("S*' )virt 


8 


(2,2,1,0) 


3 


Smooth 


9 


(2,2,2,0) 


4 


Smooth 


9 


(3,2,1,0) 


4 


Singular 



As proven in Remark 19.131 above, if T(2, D) has type (2, 2, 2, 0) with bi = 4, then S" 
cannot contain the inverse image by i : Tq — >^ T of the point singular locus of T. Therefore 
S' cannot contain the point singular locus of T{2,D), and S" ~ S', and D is not perfect. 
This completes the proof of Proposition 18.391 A similar conclusion can be drawn about the 
two other cases in the last table, if they occur. 

9.5. Projective models with c = 3. Assume T = T{3,D) for a free Clifford divisor D 
with = 0. If T is smooth, we get from Proposition I7.2r a) that Os' has a resolution (as 
an Or- module) of the following form: 

^ Ori-5n + {g- 6)T) ^ eLiOri-m + b^J^) ^ 

©LiOr(-27^ + akT) ^Or^ Os' ^ 0. 

From Corollarv 18.341 we conclude that we have such a resolution even if T is non-smooth. 
We see from (SEj that we are in a situation very similar to that of a pentagonal canonical 
curve, which is natural, since a general hyperplane section of S' is such a curve. We do 
not intend to say as much about this situation as about the cases c = 1 and 2. Study the 
skew-symmetrical map ^> in the resolution above, already introduced in Corollarv 18.341 

$ : ®UiOT{-3n + bkJ^) ^ eUM-^n + akJ"). 

Recall that the Pfaffians of this map generate the ideal of S' in T. Clearly T is a rational 
normal scroll of degree ^ — 4 in P^. Let its type be e= (ei, . . . , 65). 

From Proposition 19.11 the dimension of the set of scrolls of type e in is equal to 
{g + 1)2 -28- 5i = dim(Aut(P3) - 27 - 5i, where 61 := ^■jmax{0,ei - ej - 1). To 
obtain the number 18 -|- dim(Aut(P^) for the dimension of the set of projective models of 
K3 surfaces in scrolls of some type, one expects a 45-dimensional set of such models in a 
given scroll, provided the scroll type is reasonably well balanced. We will look into this 
issue, but we will not give a rigorous proof that we can find such a 45-dimensional set. 

A given projective model S' is characterized by the ten above-diagonal entries of a five- 
by-five matrix description of the map These entries are sections of: 



n-{b2- 


-ai)T,n-{ 


[)3 - ai)T,n - (64 


— ai)jr, H - 


-{h 


- ai)T, 




n-{ 


^3 - a2)T,'H - (64 


- a2)J^,H - 


-(65 


- 0.2)^, 




n-{ 


64 - az)J^, H - (65 


- a^)T,'H- 


-(^5 


— 04).^. 


We have h°{T,n - 


- {bi - aj)T) 


= g + l- 5{bi - 




where 62,ij ■= h^(P^,£ 



0-pi{aj — bi)) and is zero if and only if 65 — {bi — aj) > —1. In all, there set of choices of 
the ten linear terms has dimension 

W{g + l)-Y^{5{h-aj)+62,^,J). 

i>j 
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Moreover, we have 

y^(6i - Uj) = 62 + 263 + 364 + 465 - 4ai - 3a2 - 203 - 04 

i>j 

= 62 + 263 + 364 + - 4(5 - 6 - 61) - 3(5 - 6 - 62) 

-2(<7 - 6 - 63) - - 6 - 64) 
= 4(5^ + ... + 55)_10(5-6) 
= 2<7-12, 

where we have used the self-duahty of the resolution (Proposition lOIb)) which gives aj = 
g — 6 — bi, for i = 1, . . . , 5) and Proposition I7.2r d) (which gives 61 + • • • + 65 = 3(7 — 18). 
Inserting this in the expression above we obtain the number 

10(5 + 1) - 5(2(7 - 12) + ,52 = 70 + 62, 

where 62 ■= J2i>j for the dimension of the set of choices of entries in the matrix 
determining the map 

We see from = g — 6 — bi, for i = 1, . . . , 5, that Ylf=i (^i = "^9 ~ 12, so the average 
value of the bi — aj is The average value of the Cj is so if both the Cj and the bj 
(and therefore the aj) are maximally balanced, we will in fact have 65 — (ftj — Oj) > — 1, so 
(^2,1 J = 0, for each i > j. 

To obtain the desired value 45 in the maximally balanced situation, one needs to argue 
that it is correct to subtract 25, in the sence that there is typically a 25-dimensional family of 
matrix decriptions giving rise to each projective model of a K3 surface as described. We do 
not know how to do this in a rigorous way, but the problem is related to the one mentioned 
m fR^ p. 457], where one treats matrix descriptions of maps between two free modules 
of rank 5 over a ring (see also [BeJ). Translating the discussion in |B-Ej into our situation, 
the issue is: Do two matrices A' and A have the same Pfaffian ideal if and only if there is a 
matrix B, such that A' = BAB^l In an extremely simple case, take g = 11 and aj = 2 for 
all i (and consequently bj = 3 for all j), so that all entries in the matrix representation A of 
<I> are sections of the same line bundle on T (in this case Ti — !F). One can imagine the set 
of five- by- five matrices acting on the matrix A representing ^ a^s A BAB* , for all B in 
GL{5). In a situation where the Oj are less balanced, one can imagine an analogous matrix 
B with entries in suitably manufactured line bundles, so that the "shape" of A is preserved 
under a similar action. By this we mean that if entry Aij of ^ is a section of a line bundle 
Li J, then entry A[j of BAB* is also a section of Lij. One must then count the sections 
in the entries of B, control the stabilizers of the action, and show that all A with the same 
Pfaffian ideal are in the same orbit by the action. 

A natural candidate for such a matrix B is one where the entry Bij is chosen as a general 
section of Or{{aj — ai)T) = Or{{bi — bj)J^), for all (i, j)- Since hP{Or{{aj — ai)T)) + 
hP{Or{{ai - aj)T) = 2 + max(0, \ai -aj\- 1), we see that Y.i,j h^{Or{{aj - ai)T) = 25 if 
and only if the Oj are chosen in a maximally balanced way. Set 63 = Yli>j max(0, \ai—aj\—l). 
Then the dimension of the set of choices of matrix B as described is 25 -|- ^3 (we see that 
det S is a constant, and we look at the closed subset of those B with non-zero determinant). 
One checks that BAB* is antisymmetric, and has entries that are sections in the same line 
bundles as the corresponding ones for A. This leads to the following: 

Conjecture 9.15. Let T be a fixed rational normal scroll of maximally balanced type and 
dimension 5 in P^, for g > 9. Let M.{T , c) be the set of projective models of K2> surfaces S 
of Clifford index 3, with a perfect, elliptic Clifford divisor D, such that T = T{c, D). Then 
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dimM = 45. For an arbitrary scroll type (not necessarily smooth), and given combination 
(ai, . . . , 05) the corresponding set A4{T, c) is empty, or it has dimension A5 + 62 — S3. We 
have S2 > S3 if Si > 1. 

Remark 9.16. The first statement of the conjecture will be proved in Proposition 19.181 
below. For the second statement, see the discussion above. The last statement { S2 > S3 if 
Si > 1) of the conjecture does not follow directly from purely numerical considerations. As 
an example, take the case g = 11, scroll type (3, 1, 1, 1, 1) and (ai, . . . , 05) = (1, 2, 2, 2, 3), 
which gives (61, . . . , 65) = (4,3,3,3,2). Here Si = 4, and S3 = 1. For all {i,j) with i > j, 
we have 65 — {bi — aj) > —1, so S2 = 0. 

On the other hand the entries outside the diagonal in the first row of a matrix description 
of $ are sections of H — (62 — ai)T,7i — (63 — ai)!F,H — (64 — ai)!F and TL — {h^ — ai)!F, 
which here are 7i — 2T, TC — 2J^, TL — 2T and 7i — T. Taking the submaximal minor where 
we disregard the term TC — J^, we see that Zi is a factor, since Zi is a factor in every section 
of H — 2T. This is a contradiction, and hence the case does not occur. 

Remark 9.17. We have now seen (as a special case) that one way to prove the (well 
known) formula dim(Aut(P^)) + 18 for the dimension of the set of projective models on 
rational normal scrolls of maximally balanced types in (with elliptic Clifford divisor D), 
at least in each of the cases c = 1,2, 3, is to first compute the dimension of the set of scrolls, 
and then add the dimension of the set of projective models in each scroll. Using the same 
method, one deduces the well-known fact that the set of fc-gonal curves in P^ on rational 
scrollar surfaces of maximally balanced types is empty or has dimension 

dim(Aut(P^'"^)) + 2g + 2k-b 

in each of the cases k = 3,4,5. But the set is not empty, as is shown for example in |Baj . 
where one shows that for all k, the general canonical fc-gonal curve has maximally balanced 
scroll type (for its gonality scroll). For canonical curves, the scroll type is determined by 
the dual scrollar invariants h^{K — rD), in other words by hP{rD), for r = 1, 2, ... for the 
gonality divisor D. One sees that for /c = 3,4, 5 one can find the dimension of the sets of 
fe-gonal curves with fixed scrollar invariants (if non-empty) in P^~^, corresponding to sets 
of curves with prescribed values of hP{rD), for r = 1, 2, . . ., by using similar methods as in 
the subsections above. 

9.6. Higher values of c. From Proposition 19.11 we see that the dimension of the set of 
scrolls of a given type in P^ is (g -|- 1)^ — 3 — (c -|- 2)^ — 5i, where Si is a non-negative 
number, which is zero if and only if the scroll type is maximally balanced. We recall the 
exact value: 

Si = max(0, Cj — Cj — 1). 

Since we know that for all c in the range in question there exists a set of dimension 
dim(Aut(P^)) -|- 18 = (^f -|- 1)^ -|- 17 parametrizing projective model of K3 surfaces in 
P^ with Clifford-index c fibered by elliptic curves on a scroll of some type, we know that 
for this type, the set of projective models of K3 surfaces of Clifford index c, with smooth 
associated scrolls T, has dimension at least 

{g + if + 17 - {{g + 1)2 - 3 - (c + 2)^) = (c + 2f + 20. 

A scroll type with (5i = is then a natural candidate. We have: 

Proposition 9.18. Let g > 5 and 1 < c < [^^^J. Let T be a fixed rational normal scroll 
of maximally balanced type of dimension c + 2 inP^ . Let A4{T,c) be the set of projective 
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models of K3 surfaces S of Clifford index c, with a perfect, elliptic Clifford divisor D, such 
that T = T{c,D). Then 

dim M{T,c) = {c + 2f + 20. 

For (not necessarily smooth) scrolls T with types with 5i > 0, the corresponding set J^{T, c) 
is empty, or 

dim A^(T,c) < (c + 2)^ + 20 + (5i. 

Proof. Let 5 be a K3 surface with Picard group as in Lemma that is such that Pic S ~ 
ZL + ZD, with = 2g - 2, = and LD = c + 2. Let us study the scroll T{c,D). By 
Proposition 14. 2( we have that D is a free Clifford divisor and the "dual scrollar invariants" 
dr (see Section 121 have the form: 

dr = h^{L - tD) - h^{L - (r + 1)D). 

Assume that S contains a smooth rational curve T. Then T = aL + bD, for integers a 
and b. This gives a^{2g - 2) + 2ab{c + 2) = -2, which gives a{a{g - 1) + b{c + 2)) = -1. 
This, together with D.T > gives a = 1 and b = Hence S contains a rational curve F 
if and only if (c + 2)\g, in which case F ~ L — nD, for n := 

We will show that the scroll T(c, D) will be of maximally balanced type. From the way 
the scrollar invariants ei, . . . , ec+2 are formed from the dual scrollar invariants di, d2, ... we 
see that the scroll type is maximally balanced if and only if 

h\L-rD) = (5+1) -r(c + 2), 

for all r > 0, such that L — rD is effective. By Riemann-Roch we see that this happens if 
and only if /i^(L — rD) = for these r. 
Set Br:=L- rD. 

Assume first that is not nef. Then \Br\ has a fixed component S supported on a 
union of smooth rational curves. But we have just seen that the only such curve is of the 
form F ~ L — nD, with n := € Z. So we can write S = mV, for an integer m > 1, and 
denoting the (possibly zero) moving part of \Br\ by B^, we have 

Br ~ S° + rriT. 

Furthermore, by our assumptions that Br is not nef, we have Br-T < 0. 
We have 

(67) B^ Br - mV L - rD - mV {1 - m)F + (n - r)D. 

Since D is nef, we have T.D > and Br-D = (1 — m)r.D > 0, whence m = 1. 
By |(nZI) this implies that S° ~ (n - r)D = (^ - r)D, whence 

^■^r = (^ - r)T.D = {-^ - r)L.D = {-^ - r)ic + 2) = g - r{c + 2) > 0, 

and since T.Br = T.Br — 2 < 0, we must have 

g — r{c + 2) = or 1. 

In the first case, we get r = = n, whence B^. = and Br = T. In the second case we 
get the contradiction 

g 1 

n = = r + 



c+2 c+2 
So if Br is not nef, then Br = T and h}{Br) = /i^(F) = 0. 
Now assume B^ is nef. 
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< I disc(D, E)\ = {D.Ef = ^^^f^ < (c + 2)2 = I disc(L, D) 



By Proposition II .21 and Lemma lOj we have that h}{Bf) > if and only if Br ~ mE for 
an integer m > 2 and a smooth elhptic curve E. By = (L — rD)'^ = 2g — 2 — 2r{c+2) = 0, 
we get 

5-1 
r = . 

c + 2 

Furthermore = 2^ - 2 = 2rmD.E = ^""^^'^'^ D.E > 0, whence D.E > and c + 2 = 
mD.E. But this gives 

\2 

a contradiction, since L and D generate PicS". 

This shows that h^{L — rD) = for all r such that L — rD > 0. 

From Lemma ESI we then have an abstract 18-dimensional family of K3 surfaces. From 
the argument above we know that these K3 surfaces give rise to projective models with 
balanced (c + 2)-dimensional scrolls, i.e. an (Aut(P^) + 18)-dimensional set of projective 
models of such surfaces. Hence the first part of the statement of the proposition follows, 
since there is an (Aut(P^) — 2 — (c + 2)2)-dimensional family of (c + 2)-dimensional rational 
normal scrolls of maximally balanced type in P^, and all projective models are contained 
in finitely many such scrolls, and all scrolls of the same type are projectively equivalent. 
We see that we can construct a concrete family of dimension (c + 2)^ + 20 in each scroll of 
maximally balanced type, by using the surfaces from Lemma ^31 

Assume the scroll T is not maximally balanced, that is 6i > 0. Then the statement 

dim>l(T,c) < (c + 2)2 + 20 + (^1 

follows from the fact that there is no abstract 19-dimensional family of K3 surfaces in 
P^ with Clifford index c, and perfect elliptic Clifford divisor. Assume dimA^(T, c) > 
(c + 2)2 + 21 + Then, by taking the union over the (Aut(P5') - 2 - (c + 2)^ - 6i)- 
dimensional family of rational normal scrolls in P^ of the same type as T, we obtain an 
Aut(P^) + 19-dimensional set of projective models of K3 surfaces in question. Here we use 
again that all projective models are contained in finitely many such scrolls, and all scrolls 
of the same type are projectively equivalent. □ □ 

Remark 9.19. We also conjecture that ^A{T,c) (defined as above) is empty or: 

(c + 2)2 + 20 < dim M{T,c) 

even if the scroll type of T is not maximally balanced. This conjecture is inspired by 
Proposition 19.21 Corollarv 19.111 and Remark 19.161 (In many examples for c = 1,2 with 
non-zero 5i a strict inequality is impossible.) 

Set M' = (the largest component of) Hilb^ '^'^ . Then it is clear that 

(c + 2)2 + 20 < dimM'. 
This is true because we can define the relative Hilbert scheme 



M'h = Hilb^ 



(g_l)a;2+2 



H 



where H is the (parameter) Hilbert scheme of rational curves of degree g — c—1 in G{c+1, g), 
that is: The parameter space of rational normal (c + 2)-dimenional scrolls in P^. Here 
Tff is the "universal scroll", such that the fibre Tj^j is T if [t] is the parameter point in H 
corresponding to T. It is well known, and follows from for example |Strj . |R-R- Wj . and |Har| 
p. 62], that H is irreducible, and that the maximally balanced scrolls correspond to an open 
dense stratum of H. Since the fibre Mj'^j of ^A'JJ has dimension at least dim 7V4(T, c) = (c + 
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2)^ + 20 for all [t] corresponding to scrolls of maximally balanced type, we have dim Afj'^j >= 

(c + 2)^ + 20 for the [t] corresponding to scrolls of less balanced types. 

In order to prove the conjecture, we have to pass from M' to ^A{T, c). It is not entirely 
clear to us how to do this. If the conjecture is true, we get 

(c + 2)2 + 20 < dimA^(T,c) < c + 2)^ + 20 + 5i. 

Moreover the cases c = 1, scroll type (7, 3, 1), and c = 2, scroll types (3, 3, 3, 1) with bi = 6, 
and (4, 3, 2, 1) with bi = 6, reveal that a strict inequality dim.A4{T, c) < (c + 2)^ + 20 + 5i 
is not always correct, even if 5i > 0. In Section ^2 one sees that these cases indeed 
occur with the fiber D a perfect Clifford divisor. In these cases both the most balanced 
scroll/intersection type and the mentioned non-balanced types give families of dimension 
dim(Aut(Pf )) + 18. 

10. BN GENERAL AND CLIFFORD GENERAL K3 SURFACES 

It is shown in |Mulj that a projective model of a general K3 surface in P^, for 5 = 6, 7, 
8, 9 and 10, is a complete intersection in a homogeneous spaces described below. 
We recall the following definition of Mukai: 

Definition 10.1 (Mukai |Mu2j 'l. A polarized K3 surface {S,L) of genus g is said to be 
Brill-Noether (BN) general if the inequality h^{M)h\N) < h^{L) = g + 1 holds for any 
pair (M, N) of non-trivial line bundles such that M N L. 

Remark 10.2. One easily sees that this is for instance satisfied if any smooth curve C G \L\ 
is Brill-Noether general, i.e. carries no line bundle A for which p{A) := g — h^{A)h^{A) < 0. 
This is because any nontrivial decomposition L M -\- N with {M)h? {N) > g + 1 yields 
hP{Mc)h}{Mc) > h^{M)h^{N) > g. It is an open question whether the converse is true. 

Clearly the polarized K3 surfaces which are BN general form a 19-dimensional Zariski 
open subset in the moduli space of polarized K3 surfaces of a fixed genus g. 

The following theorem is due to Mukai. We use the following convention: For a vector 
space of dimension i, we write G(r, 1/*) (resp. G(F*,r)) for the Grassmann variety of 
r-dimensional subspaces (resp. quotient spaces) of V . 

The variety Sj^ C P^^ 

is a 10-dimensional spinor variety of degree 12. Let V be a 
10-dimensional vector space with a nondegenerate second symmetric tensor A. Then 
is one of the two components of the subset of G(F^°, 5) consisting of 5-dimensional totally 
isotropic quotient spaces ^. 

The variety Sj'g C P^^ is the Grassmann variety of 3-dimensional totally isotropic quo- 
tient spaces of a 6-dimensional vector space with a nondegenerate second skew-symmetric 
tensor a. It has dimension 6 and degree 16. 

Also, Sfg = G/ P C P^^, where G is the automorphism group of the Cayley algebra over 
C and P is a maximal parabolic subgroup. The variety has dimension 5 and degree 18. 

Finally, in the case g = 12, let V'^ be a 7-dimensional vector space and N C A^V^^ a 
3-dimensional vector space of skew-symmetric bilinear forms, with basis {mi, 777,2,7713}. We 
denote by Grass(3, F^, rrii) the subset of Grass(3, V"^) consisting of 3-dimensional subspaces 
u oiV such that the restriction oi mi to U x U is zero. Then = Grass(3, A^) := 
n Grass(3, y '', 77ij). It has dimension 3 and degree 12. 

Theorem 10.3 (Mukai |Mu2j ). The projective models of BN general polarized K3 surfaces 
of small genus are as follows: 

quotient f : V ^ V' is totally isotropic with respect to A if (/ (g) /)(A) is zero on V iSiV . 
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genus 


J' -7 7/ DAT" 7 7 ■ -J 1.^0 / 

projective model of BJM general polarized K6 surface 


2 


02 — > " double covering with, branch sextic 


3 


(4) C 


4 


(2,3) C 


5 


(2,2,2) C pa 


b 


(1,1,1,2) nG(2, K^) C P" 


7 


(i«) n s}^ c p^ 


8 


(1'') nG(y^2) c p« 


9 


(1^) n s'jg c py 


10 


(1^) n c pi'^ 


12 


5l2 = (1) c 



In this section we will compare the notion of BN generality with our notion of Clifford 
generality as given in Sectional. We only treat the cases g < 10. 

It is an easy computation to check that a BN general K3 surface is also Clifford general: 

Proposition 10.4. Let {S,L) be a polarized K 3 surface of genus g. If{S,L) is BN general, 
then it is Clifford general. 

Proof. Assume that {S,L) is not Clifford general, and let c = Cliff L < [^^J and D any 
Clifford divisor with F := L — D. Using (CI) and (C3) together with Riemann-Roch one 
easily computes 

(68) h'^{D) + h°{F) = ^D^ + 2 + ^F^ + 2 

= ]^L^ + 2-D.F + 2 = g + l-c>^^. 

Since h^(F) > h^{D) > 2 and for fixed d > 2 the function fd{x) = x{d — x) obtains its 
maximal value in [2, d] at x = 2, we get 

h\D)h\F) > 2{h\D) + h^{F) - 2) > 2(^^ - 2) = + 1 = h\L). 

Hence (5, L) is not BN general. □ □ 

For low genera we have: 

Proposition 10.5. Let {S, L) be a polarized K3 surface of genus g = 2,3 ... ,7 or 9. Then 
{S, L) is BN general if and only if it is Clifford general. 

If g = 8 resp. 10, then {S, L) is Clifford general but not BN general if and only if there 
is an effective divisor D satisfying = 2 and D.L = 7 resp. 8, and there are no divisors 
satisfying the conditions (*) for c < 3 resp. 4. 

Proof. We must investigate the condition that there exists an effective decomposition L ~ 
D + F such that hP{F)h^{D) > g + I, but Cliff Oc(^) > L^J for any smooth curve 
C G |L|. 

By Riemann-Roch, we have Cliff Oc(^) = g + I - h^{Oc{D)) - h^{Oc{D)) 
< g + 1 - h°{D) - h^{F), so we easily see that we must be in one of the two cases above. 
□ □ 

Since the divisor D in the proposition satisfies Cliff L = Cliff Oc{D), we have D € A^{L), 
so we get the following from Propositions 12.61 and 12.71 
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Corollary 10.6. Any divisor D as in Proposition MO. ,5l must satisfy h}{D) = h^{L — D) = 0, 
and among all such divisors we can find one satisfying the conditions (C1)-(C5). 

By arguing as in the proof of Proposition 14. 2( with the lattice ZL ZD, with 



" L2 


L.D ' 




' 2(5 - 1) 


c + 4 


D.L 






c + 4 


2 



for g' = 8 and 10 and c = [^^J = 3 and 4 respectively, we see that there exists an 18- 
dimensional family of isomorphism classes of polarized K3 surfaces that are Clifford general 
but not BN general for both g = 8 and g = 10. 

We will in the next two sections investigate these two cases. A choice of a subpencil {Dx} 
oi \D\ gives as before a rational normal scroll T within which (Pl{S) = S' is contained. 
Unfortunately, as we will see, we no longer have such a nice result about V = SingT as 
Theorem 15. 7( since the Clifford index c is now the general one. We will however be able to 
describe these particular cases in a similar manner, too. 

Let us first consider the case g = 8, where c = 3. We have D"^ = 2, D.L = 7, /i°(L) = 9 
and /i°(L - D) = 3. Since {L - 2Df = -6 and (L - 2D).L = 0, we have /i°(L - 2D) = Q 
or 1 and - 3D) = 0. 

Recall that the type (ei , . . . , e^) of the scroll T, with d = do = dim T, is given by 

(69) ei = #{i I dj>i}-l, 

where 

di := h°{L - iD) - h^{L - {i + l)D). 

We have d>3 = and (4,^1,^2) = (6,3 - /i°(L - 2L>),/i°(L - 2D)) and the two possible 
scroll types 

, (1,1,1,0,0,0) ifh^{L-2D) = 

■ ■ ■ ' ~ \ (2, 1, 0, 0, 0, 0) if h^{L -2D) = 1 

We first study the case h°{L - 2D) = 0, that is h^{L - 2D) = 1. We have V = SingT = 
. Here we already see that Theorem 15.71 will not apply, since it is clear by the examples 

given by the lattice above that there are such cases with no contractions across the fibers. 

Denote the two base points of the pencil {-Da} by pi and p2 and their images under 9?l by 

xi and X2. We have the following result: 

Lemma 10.7. Either 

(i) nL,D = 0, or 

(ii) TZl,d = {r} o,nd V intersects S' in xi, and y := (/^^(r), and V =< xi,X2,y >■ 

Proof. We first show that TZl,d is either empty or contains at most one curve. 

Choose any smooth Dq G \D\. Set F := L — D as usual. Since degFo^ = c + 2 = 5 = 
2pa(D) + 1, one has that Fd^ is very ample, and by arguing as in Lemma IFTTI we get that 
D./S. = or 1. This shows the assertion. 

By arguing as in the proof of Theorem 15. 7| we get that V intersects S' in at most 
three points (two of which must of course be xi and X2) and that these three points are 
independent. □ □ 

By this lemma, there are only two cases occurring for hP{L — 2D) = 0, which we denote 
by (CGI) and (CG2), since they are Clifford general: 

(CGI) IZl.d = 0, 
(CG2) nL,D = {L}. 
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If /i°(L - 2L») = 1, then since = 2 we have 

Lr^2D + A, 

where A is the base divisor of |F| and satisfies = —6, A.L = and A.D = 3. By 
arguing as in the proof of Proposition \'A.7\ we find that L is as in one of the five following 
cases (where all the F and Fj are smooth rational curves): 

(CG3) L ~ 2D + Ti + r2 + Ts, with the following configuration: 



D Ti 




r2 Tg 

and tZl,d = {ri,r2,r3}, 

(CG4) L ~ 2L»+r+2ro + 2ri + - • • 2rAr+riv+i+rAr+2, with the following configuration: 

D To - - - Tat rAr4.2 



Af+1 



and TZl,d = {r,ro}, 
(CG5) L r^ 2D + 3Ti + 2T2 + 2T3 + T4 + T5, with the following configuration: 

D Ti r2 r4 



and TZl,d = {ri}. 

(CG6) Lr^ 2D + 3To + 4Ti + 2r2 + SFg + 2r4 + Tg, with the following configuration: 
D To Ti T2 



Ts r4 Ts 

and TZl,d = {ro}- 

(CG7) L ~ 2L»+3ro+4ri+5r2+6r3+4r4+2r5+3r6, with the following configuration: 

D To Ti r2 r3 r4 



r 



6 



and TZl,d = {ro}. 

Defining Zx as in (|TH|l - ipT1l . we see that length Z;^ = 5 and by arguing as in the proof of 
Theorem 15.71 in these five cases we get that for any D G V: 



v=<Zx>=p^ 



any subscheme of length 4 spans a and V (1 S' has support only on this scheme. 

For the cases (CG1)-(CG7) we can now argue as in Section |H1 In particular, we get a 
commutative diagram as on page 021 and Proposition I8.17| Corollary I8.18( Propositions 
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I8.2,SI and 18.241 and Corollary 18.261 still apply. All the ipL{D\) have the same Betti-numbers 
and their resolutions are given in Example 18.201 

In the cases (CGI) and (CG2) the type of Tq is (2, 2, 2, 1, 1, 1). We leave it to the reader 
to use Lemma [8., SHI to show that the only possible combinations of the tj's (defined in 
Definition 18., S6|l are 

(6i, . . . , ftg) = (4, 3, 3, 3, 2, 2, 2, 1), (4, 3, 3, 2, 2, 2, 2, 2), (3, 3, 3, 3, 2, 2, 2, 2). 

In the cases (CG3)-(CG7) the type of Tq is (3, 2, 1, 1, 1, 1). We again leave it to the reader 
to show that (6i, . . . , 63) = (4, 3, 3, 2, 2, 2, 2, 2) is the only possibility. 

We conclude this section by showing that all the cases (CG1)-(CG7) actually exist, by 
arguing with the help of Propositions 11.41 and 11.51 

The case (CGI) can be realized by the lattice just below Corollary 110. 6l a,nd therefore has 
number of moduli 18. 

We now show that the case (CG2) can be realized by the lattice TjD © ZF ® ZF, with 
intersection matrix: 



D2 d.F D.T 
F.D F.T 
T.D T.F 



2 5 1 
5 2-1 
1 -1 -2 



One easily checks that this matrix has signature (1,2), so by Proposition II .41 there is an 
algebraic K3 surface with this lattice as its Picard lattice. 

Set L := D + F. By Proposition O we can assume that L is nef, whence by Riemann- 
Roch D, F >0. 

We first show that L is base point free and that Cliff L = 3. Since D.L — — 2 = 3, we 
only need to show that there is no effective divisor B on S satisfying either 

5^ = 0, B.L = 1,2,3,4, or 

B'^ = 2, B.L = 6. 

Setting B ~ xD + yF + zT, one finds 

B.L = 7{x + y), 

which is not equal to any of the values above. Furthermore, D forces {S, L) to be non-BN 
general. Since one easily sees that we cannot be in any of the cases (CGI), (CG3)-(CG7), 
we must be in case (CG2). 

We can argue in the same way for the cases (CG3)-(CG7), with the obvious lattices. The 
number of moduli of these cases are 16, 15, 14, 13 and 12, respectively. We leave these cases 
to the reader. 

The case g = 10 is very similar to the previous case. We have c = 4, D.L = 8, h^{L) = 11 
and /i°(L - D) = i. Since (L - 2Df = -6 and (L - 2D).L = 2, we have h°{L - 2D) = 
or 1 and h^{L — 3D) = 0. This gives as before d>3 = and {do,di,d2) = (7, 4 — h^{L — 
2D), hP{L — 2D)) and the two possible scroll types 

(1, 1, 1, 1,0, 0, 0) if /i°(L - 2D) = 
(2,1,1,0,0,0,0) \i hP{L-2D) = l 

We now get exactly analogous cases (CGI)' and (CG2)' as for g = 8, corresponding to the 
scroll type (1, 1, 1, 1, 0, 0, 0). If /i°(L - 2D) = 1, write as usual F := L - D and denote by 
A the base divisor of so that we have 

Lr^2D + A + A. 

for some A > satisfying A.L = (L — 2D).L = 2 and ^.A = 0. We can now show that 
2 = h}{R) = A.D, so that = —2 and A.D = 2. By arguing as in the proof of Proposition 



(ei,...,e6) 
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13.71 again, we find that L is as in one of the two following cases (where all the Fj are smooth 
rational curves such that Ti.A = 0): 

(CG3)' L ~ 2D + ^ + ri +r2, with Ti.D = T2.D = 1, T1.T2 = and TZ^d = {^i,'^2}, 
(CG4)' L ~ 2L> + yl + 2ro + 2ri + • • • + 2rAr + Tat+i + riv+2, with all the Ti having a 
configuration as in (E2), T^.A = 0, TZl^d = {^0}, 

Defining Zx as in lfTH|l - PT|l . we see that length ^;s^ = 4. By arguing as in the proof of 
Theorem 15.71 in these two cases we get that for any D gV: 

V =< Zx >= 

and V Ci S' has support only on this scheme. 

As above, we can argue as in Section [HI and find that for the cases (CGr)-(CG4') the 
^l{Dx) have the same Betti-numbers and their resolutions are given in Example 18.201 

For the cases (CGI)' and (CG2)' the type of Tq is (2,2,2,2,1,1,1). Again one can use 
Lemma [8.331 to show that the only possible combinations of the 6j's (defined in Definition 
KM are 

(4,3,3,3,3,3,3,3,2,2,2,2,2) and (3,3,3,3,3,3,3,3,3,2,2,2,2) 
for the case (CGI)', and 

(4,3,3,3,3,3,3,3,2,2,2,2,2), (3,3,3,3,3,3,3,3,3,2,2,2,2) and 
(4,3,3,3,3,3,3,3,3,2,2,2,1) 

for the case (CG2)'. 

The type of % for the cases (CG3)' and (CG4)' is (3,2,2,1,1,1,1). The only possible 
cases for the tj's are found to be 

(4,4,4,3,3,3,2,2,2,2,2,2,2) and (4,4,3,3,3,3,3,2,2,2,2,2,2), 

In the same way as for the cases (CG1)-(CG7), we can show the existence of each of the 
types (CG1)'-(CG4)' for g = 10 and show that their number of moduli 18, 17, 16 and 15 
respectively. 

These results will all be summarized in the next section, together with all non-Clifford 
general projective models for g < 10. 

11. Projective models of K3 surfaces of low genus 

In this section we will use the results obtained in the previous ones to classify all pro- 
jective models of non-BN-general K3 surfaces of genus at most 10. Together with Mukai's 
description of the general models we are then able to give a complete classification and 
characterization for these genera. The central part of the section is Section 111.51 where we 
give tables summing up the essential information concerning the various projective models 
appearing of non-BN general K3 surfaces for 5 < (7 < 10. 

An important intermediate step is performed in Section [11.21 where we describe the possi- 
ble perfect Clifford divisors for c = 1, 2 and 3 and also in some more detail the cases where 
h^{L — 2D) > 0, since this last number determines the singular locus of the scroll T by 
lfT5|l . The description is valid for all genera, not only the small ones, but for (7 > 11 cases 
with c > 4 appear, even for (5, L) non-Clifford general. For g < 10 we always have c < 3 
for the non-Clifford general models. 

The reason why we concentrate on perfect Clifford divisors is to make the classification 
in Section 111.51 simpler. If we did not restrict to perfect Clifford divisors, we would get 
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more projective models, but the extra projective models would also have been possible to 
describe with a perfect Clifford divisor, whence they would belong to our list. 

Section 111.11 is purely technical, and devoted to a new decomposition of the divisor 
R = L — 2D for each free Clifford divisor D. The new decomposition, with the added 
property l(7r?)l is necessary to make the description in Section Hi .21 work. 

In Section 111.31 we show how one can calculate the scroll types of the relevant ambient 
scrolls appearing in the various cases. 

The exposition in Section fl 1.51 contains detailed information about the Picard lattice of 
S, and the singularity type of S' = ^l{S) in many subcases. In Section [11.41 we show 
how this information can be obtained in some typical cases, and leave the arguments in the 
remaining ones to the reader. 

11.1. A new decomposition of R. Assume that Z) is a free Clifford divisor. We recall 
from Section El that R = L-2D, and that A = if = by Lemma O liR> 0, 

we have L = 2D + A + A, where D + A is the moving part oi F := L — D, and A is the 
base divisor of F. So i? ~ >1 + A is an effective decomposition of R. Recall from Lemma 
Othat A. A = 0, except for the cases (E3) and (E4). To make the classification simpler, 
we would like to find a new effective decomposition of R, say i? ~ A' + A', with a stronger 
property than the one in Lemma 16.41 namely that A" .A' = for every effective A" < A'. 
At the same time we would like A' and A' to enjoy the same intersection properties and 
cohomological properties as A and A, so that the results in Section IHl are still valid. (We 
are grateful to Gert M. Hana for pointing out the need for such a new decomposition) 

Proposition 11.1. Let {S,L) be a polarized K3 surface of non- general Clifford index, with 
free Clifford index D not as in (E3) or (E4), and such that R := L — 2D > 0. Let A and 
A be defined as above. Then there exists an effective decomposition R = A' + A' such that 
the following properties hold: 



(70) 

(71) 

(72) 
(73) 



Z?2 

D.A 
D.A 

h'{A') = 



A' <A and A' > A 

L>2 D.A' D.A' 
D.A' A'^ A'. A' 
D.A' A'.A' A'2 

h'{A) and h'{A')=h\A) fori = 0,1,2. 
A" .A' = for every effective A" < A' . 



D.A 
A^ 
A.A 



D.A 
A.A 

A2 



Remark 11.2. Note that R A + A always satisfies so that property JZHI) is 

the reason why we want to find a new decomposition. Moreover note that (|7r)|l - l(7!?|l ensure 
that all the important results in Sections and El for A and A are still valid for A' and A'. 
To be more precise. Proposition 15. 3| Remark l5.4| Proposition 15. 5| Lemmas 16. 1| 16. 4| 16. 7( 16.81 
and Proposition 16.91 are valid with A and A replaced by A' and A'. 



We will give an algorithmic proof of Proposition 111.11 First we will state and prove the 
following result. 

Lemma 11.3. Assume we are neither in case (E3) nor (E4), and that we have an effective 
decomposition i? ~ Aj + Aj such that ^^l^-^^^ hold. If there exists a smooth rational curve 
T <Ai such that T.Ai > 0, then T.Ai = 1, and T.D = 0. 

Proof. Remember that Fq ~ D + A is the moving part of F. We write Fi := D + Ai. 
Then Fq < Fi < F. Hence we have h^{Fi) = /i°(Fo). Since {Ai,Ai) satisfies JZU, we have 
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Fq = Ff. Riemann-Roch then gives h}{Fi) = /i^(Fo) = by Lemma WiJA Here we use that 
we are not in any of the cases (E3) or (E4). 

Let now F < Aj be a smooth rational curve such that T.Ai > 0. 

Using Riemann-Roch yet another time gives 

h\Fi + r) - = F,.r -l + h\Fi + T) = 0. 

Hence F^T < 1. 

Since D.T > we get T.Ai < 1. So if T.Ai > 0, then T.Ai = 1 and T.D = 0. □ □ 

Proof of Proposif,ion \ll.l\ . Write Aq := A and Aq := A. Given an effective decomposition 
i? ~ + Aj satisfying l(7n|l - (|7^ . assume that there exists a smooth rational curve F < Aj 
such that T.Ai > 0. Write Ai+i := Ai + T and Aj+i := Aj - T. Then R ~ Ai+i + A^+i 
satisfies (|7?Hl - (f7T1l by the previous lemma. Clearly = /i^(Aj+i) = 0, and since 

Af^-^ = Af and A^,^^ = A^, it suffices to show that h^{Ai+i) = and /i°(Ai+i) = 

/i°(Ai) to show that R ~ Ai+i+A^+i satisfies JZ^l- It is obvious that /i°(Ai+i) = h^{Ai) = 1 
since Aj+i < Aj. Furthermore h^{Ai^i) = h^{Ai) since F is fixed in Ai + T, as F.(^j-|-F) = 
— 1. Hence R ~ Ai+i + Aj+i satisfies l(7^ . 

We repeat this process if necessary, and it is obvious that the procedure will stop after 
finitely many steps, say for i = n > 0, since Aq > Ai > . . . > A„. For the effective 
decomposition i? ~ A„ + A^ there exists no smooth rational curve F < A„ such that 
T.An > 0, whence the decomposition satisfies l(78|l as well. □ □ 

Lemma 11.4. Assume we are neither in case (E3) nor (E4), and that for every T € 1Zl,d 
we have T.A = 0. Then ii ~ ^ + A satisfies Fm-rm. 

Proof. If an effective divisor B < /S. satisfies A.B ^ 0, then some smooth rational curve 
F < A (possibly equal to B), must satisfy ^.F < 0. But (D + ^).F = or 1. Hence 
F € TZl,d- But then A.T = by the assumptions, a contradiction. □ □ 

11.2. Perfect Clifford divisors for low c. From now on (A' , A') will be a pair of divisors 
satisfying 177711-1^. 

Furthermore, in the list below we have: 

• F is a smooth rational curve such that T.D = 1 and F.^' = 0. 

• Fi and F2 are smooth rational curves such that Ti.D = T2.D = 1 and Ti.A' = 
T2.A' = F1.F2 = 0. 

• Aq := 2Fo + 2Fi + • • • + 2F7V + Fat+i + F7V+2, for > 0, with a configuration with 
respect to D as in (E2) and such that A'.Ti = for i = 0, . . . , + 2. 

Also we denote the different cases by {c,D^}. 

Here is the list of all possible perfect Clifford divisors for c = 1, 2 and 3, and the cases 
where h^{R) > 0: 

c = 1,L^ > 8 

{1, 0} = 0, D.L = 3, dimT = 3. 

{1, 2} L»2 = 2, l2 = 10, L ~ 2D + F as in (EO), dimT = 4. 

Moreover, h^{R) 7^ if and only if L is as in the following case: 

{1, 0}" Lr^2D + A' + T, A'^ > -2, D.A' = 2, = A'^ + 10 < 18 with equality if and 
only if L ~ 6Z) + 3F, h^{R) = 1, 7^L,D = {F}. 



c = 2,L^ > 12 
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{2, 0} L>2 ^ 0, D.L = 4, dimT = 4. 

{2, 2} 1)2 = 2, D.L = 6, L2 < 18 with equality if and only if L ~ 3D, dimT = 5. 
{2, 4} L»2 = 4 7:^2 ^ ;l6, Lr^ 2D as in (Q), dimT = 6. 

Moreover, h^{R) 7^ if and only if L is as in one of the following cases: 

{2, 0}'* Lr^2D + A' + T, A''^ > -2, D.A' = 3, = A''^ + 14 < 32 with equality if and 

only if L - 8Z) + 4r, h\R) = 1, TZl,d = {r}. 
{2, 0}^ Lr^2D + A' + Ti + T2, A'^ > 0, D.A' = 2, = A'"^ + 12 < 16 with equality if 

and only if L ~ 4L» + 2ri + 2r2, h\R) = 2, 7^L,D = {ri,r2} 2. 
{2, O}'^ L 2D + A' + Aq, A'"^ > 0, L>.A' = 2, = A'^ + 12 < 16 with equality if and 

only if L ~ 4Z) + 2Ao, /i^^) = 2, = {Fo} ^. 

{2, 2}'^ L ~ 2D + Ti + as in (El), = 12, /^^(ii) = 1, TZ^d = {ri, Ta}. 
{2, 2}^ L ~ 21) + Ao as in (E2), = 12, = 1, 7^L,D = {ro}. 

c = 3,L^ > 16 

{3, 0} D^ = 0, D.L = 5, dimT = 5. 

{3,2} D^ ^ 2, D.L = 7, < 22, dimT = 6. 

{3, 4} D2 = 4, L2 = 18, L ~ 2D + r as in (EO), dimT = 7. 

Moreover, h^{R) 7^ if and only if L is as in one of the following cases: 

{3, 0}"^ L ~ 2D + ^' + r, A'^ > -2, D.A' = 4, L^ = A''^ + 18 < 50 with equality if and 

only if L ~ lOD + SE, h^{R) = 1, 7^L,D = {E}. 
{3, 0}^ L ~ 2D + ^' + El + E2, A'^ > 0, D.A' = 3, L^ = ^'^ + 16 < 24, h\R) = 2, 

7^L,^) = {El,E2}. 

{3,0}'= L ~ 2D + A' + A', A'^ > 0, D.A' = 3, L^ = A'^ + 16 < 24, h^{R) = 2, 
7^L,^) = {Eo}. 

{3, 2Y L^2D + A'' + E, A'^ = -2, D.^' = 2, L^ = 16, h^{R) = 1, Te^^D = {r}. 

This list is obtained by using the relations (*) and ^ in Section |S1 together with Propo- 
sitions EHl ESI and EH We now show how it works for c = 3. 

The three cases {3,0}, {3,2} and {3,4} follow directly from the relations (*). If D^ > 0, 
then by Q we must have L^ < 24. Assume L^ = 24 and consider the divisor E := L — 3D. 
This satisfies D^ = and E.L = 3, thus inducing a Clifford index 1 on L, a contradiction. 
So L2 < 22. 

Now assume we are in case {3,0} and h}{R) > 0. By Propositions 15. 5( 15.61 and 111.11 we 
have 1 < D.A' = D.A < 2. Since 

5 = D.L = A'.D + A'.D, 

we have the two possibilities: 

(a) A'.D = 1 and D.A' = 4, 

(b) A'.D = 2 and D.A' = 3. 

In case (a), there has to exist a smooth rational curve E in the support of A' such that 
E.D = 1 and T.A' = (the last equality follows from l(7!?|l of Proposition II l.ip . Write 

L ~ 2D + A' + E + A". 



hi = 14, then the moving part of A' is a perfect Clifford divisor of type {2, 2} containing D, and if 
— 16, then A' is a perfect Clifford divisor of type {2, 4} containing D. 
•^Same comment as above. 
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Clearly D.A" = A'. A" = 0, and by = T.L = 2 - 2 + T.A", we also get T.A" = 0, whence 

{2D + A' + T).A" = 0, 

and we must have A" = since L is numerically 2-connected. This establishes case {3,0}". 
From the Hodge index theorem on L and A' it follows that < 50 with equality if and 
only if 4L ~ 5A' . 

In case (b), there either exist two (and only two) disjoint smooth rational curves Fi and 
F2 in the support of A' such that Ti.D = F2.-D = 1 and Ti.A' = T2-A' = 0, or there 
exists one and only one smooth rational curve Fq in the support of A' (necessarily with 
multiplicity 2) such that Tq.D = 1 and Fq.^' = 0. Arguing as in the proof of Proposition 
l,S.7| these two cases give the cases {3, O}'' and {3, 0}*^ respectively. Again it follows from the 
Hodge index theorem on L and A' that < 24. 

Assume we are in case {3,2} and h^{R) > 0. By Propositions 15. 5| 15. 6| and lll.ll we have 
= 16, D.A' = 1 and A'^ = —2. There has to exist a smooth rational curve F in the 
support of A' such that T.D = 1 and T.A' = 0. Arguing as above, we easily find that 
L r-. 2D + A' + T. Since 7 = D.L = 2D^ + A'.D + A'.D, we have A'.D = 2, and since 
16 = L2 = 18 + ^'2^ must have A'^ = -2. This is case {3, 2}". 

We leave the easier cases c = 1 and 2 to the reader, but make a comment on the cases 
{2,0}^ and {2,0}^ 

From the Hodge index theorem on L and A' we get that < 16 with equality if and 
only if L ~ 2^4'. If A''^ = 2 or 4, one calculates 

A'.L -A^ -2 = 2, 

{A' - DY > -2 and {A' - D).D = 2, whence by Riemann-Roch A' > D, so D does not 
satisfy the condition (C6). However, since A' computes the Clifford index of L, we have 
h^(A) = h^{A') = by Proposition fTTTI whence D is perfect by Lemma lOTl If L ~ 2A', 
one easily sees that A' is base point free, whence perfect. 

These cases are particularly interesting, since S' is contained in two scrolls of different 
types. 

Note that for g < 10 (equivalently < 18) a polarized K3 surface of non-general Clifford 
index must have c < 3, so the above cases are sufficient to consider these surfaces. We know 
that the general K3 surface has general Clifford index. The following proposition considers 
the dimension of the families in the list above. 

Proposition 11.5. The number of moduli of polarized K3 surfaces of genus g, with 5 < 
g < 10, and non-general Clifford index O of each of the types {1, 0}, {1, 2}, {2, 0}, {2, 2} 
with g <9, {3,0}, {3,2} and {3,4} is 18, and of each of the types {2,2} with g = 10 and 
{2,4} is 19. 

Furthermore the general projective model of each of these types satisfies (L — 2D) = 0, 
and the general projective model of each of these types except for the types {1,2} and {3, 4} 
is smooth. 

The number of moduli of each of these types with h^{L — 2D) > is < 17, except for the 
type {1,0}" for g = 10, whose number is 18. 

Proof. In the cases {2, 2} with g = 10 and {2, 4} we have L ~ 3D and L ~ 2D respectively, 
so it is clear that those cases can be realized with a Picard group of rank 1 and hence live 
in 19-dimensional families. 

In the other cases, one easily sees that L and D are linearly independent, and we will show 
that these cases can all be realized with a Picard group of rank 2. Arguing as in the proof 
of Proposition 14.21 we easily see that there is a K3 surface S such that Pic S ~ ZL © ZD 
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such that L^, L.D and have the values corresponding to the different cases in question 
and such that D is a perfect CHfford divisor for L. This has already been done for = 
in the proof of Proposition I4.2| and a case by case study establishes the proof in the other 
cases. 

Recall now that {L — 2D) > if and only if there exists a smooth rational curve F such 
that r.L = and T.D = 1, and (since c > 0) ^l{S) is singular if and only if there exists a 
smooth rational curve F such that T.L = and T.D = or 1. 

Assuming that the rank of the Picard group is two, we can write T = aL + hD, for 
a, 6 € Q. The conditions = —2, T.L = and T.D = or 1 give the equations: 

52^2 

a2(5-l) + a6(c + 2 + D2) + _- = -1, 

a{2g -2) +h{c + 2 + D"^) = and 
a(c + 2 + L»2) +5£)2 ^ Qoxl. 

A case by case check reveals that we have a solution only when T.D = 1 and then in the 
following cases: 

(a) {1,2}, with T ^ L-2D, 

(b) {3,4}, withF~L-2D, 

(c) {1, 0} for g = 10, with L ~ 6Z) + 3F. 

One can easily show that case (c) can be realized with a lattice of the form ZD © ZF, with 
D^ = 0, D.T = 1 and F^ = -2. 

This concludes the proof of the Proposition. □ □ 

11.3. The possible scroll types. We now would like to study which scroll types are 
possible for each value of {g,c,D'^) with 5 < 5 < 10 and 1 < c < 3. Recall that the type 
(ei, . . . , ed) of the scroll T, with d = dimT, is given by 

(74) ei = #{i I dj>i}-l, 

where 

-h°{L-D)=c + 2 + ^D^, 
D)-h^{L-2D) = do-r, 

iD) - h^{L - {i + l)D), 



\iL^2D (equiv. L»V c + 2), 
if L ~ 2D (equiv. D'^ = c + 2) 

In the cases {1,2} and {3,4}, which are both of type (EO), and the case {2,4}, which is 
of type (Q), we have h^{L — 2D) = 1 and h^{L — iD) = for all i > 3, so the scroll types 
are immediately given. 

In the case {2, 2} with g = 10, we have L ^ 3D, so h^{L-2D) = h°{D) = 2, h^{L-3D) = 
1 and /i°(L - iD) = for all i > 3. 

We will now consider one by one the remaining cases and gather the result in the tables 
in Section [11.51 below. 



d = do := /i"(L)- 
di := h^{L - 

di := h^{L- 
with 

(75) r = {°; + f(^-^°) 
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If c = 1 or 2 and = the possible scroll types are given in Section [HI We now briefly 
review these cases. 

Let us first consider the case c = 1 and = (case {1, 0}). 

For 5 = 5 the two possible scroll types are (1, 1, 1) and (2, 1,0). One easily sees that the 
first case corresponds to (do, di, ^2) = (3,3,0), whence h?{L — 2D) = h^[L — 2D) = and 
the second corresponds to (do, ^1,^2) = (3, 2, 1), whence h^[L — 2D) = 1 and we are in case 

{i,or. 

For 5 = 6 we have three possible scroll types: (2, 1, 1), (2, 2, 0) and (3, 1, 0). Comparing 
with the possible values of the di, one finds that the first case corresponds to hP{L — 2D) = 1 
(and h}{L — 2D) = 0). Moreover, the two last cases corresponds to the case {1,0}^^ with 
A' D and A' > D respectively. 

For g = 7 there are four possible scroll types: (2, 2, 1), (3, 1, 1), (3, 2, 0) and (4, 1, 0). We 
see that the two first cases correspond to h^{L — 2D) = 0, with h^{L — 3D) = and 1 
respectively. The two last cases have h^(L — 2D) = 1 and therefore correspond to {1,0}" 
with A' ;^ 2D and A' > 2D respectively. 

We now leave the cases g = 8, 9 and 10 to the reader. 

If c = 2 and L>2 = (case {2, 0}) then 12 < < ig. 

We leave the easiest case g = 7 to the reader. 

If 5 = 8 we have seen that the four possible scroll types are (2, 1, 1, 1), (2, 2, 1,0), (3, 1, 1,0) 
and (3, 2, 0, 0). The scroll (2, 1, 1, 1) corresponds to h}{R) = 0, whereas the scrolls (2, 2, 1, 0) 
and (3,1,1,0) correspond to the case {1,0}" with A' D and A' > D respectively. The 
type (3, 2, 0, 0) corresponds to a polarized surface that also has a different perfect Clifford 
divisor, and is hence contained in another scroll as well, by the footnote on page |^ 

If 5 = 9 we have seen that the five possible scroll types are (2, 2, 1, 1), (3, 1, 1, 1), (2, 2, 2, 0), 

(3.2.1.0) and (4,2,0,0). The types (2,2,1,1) and 

(3.1.1.1) correspond to h^{R) = with h^{L — 3D) = and 1 respectively. (One eas- 
ily sees that the scroll type (3, 1, 1, 1) can be realized by a K3 surface S with Picard group 
Pic S ~ ZD © Zr, for a smooth rational curve T satisfying T.D = 2, and with L ~ 3D + T. 
Therefore, it has number of moduli 18.) The scroll types (2,2,2,0) and (3,2,1,0) cor- 
respond to the case {1,0}" with A' :^ D and A' > D respectively. The type (4,2,0,0) 
corresponds to a polarized surface that also has a different perfect Clifford divisor, and is 
hence contained in another scroll as well, by the footnote on pagelMl 

If 5 = 10 there are again five possible scroll types: (2,2,2,1), (3,2,1,1), (3,2,2,0), 
(3, 3, 1, 0) and (4, 2, 1, 0). Again the two first correspond to h^{R) = with /i°(L -3D) = 
and 1 respectively. The three last cases correspond to the case {1, 0}" with h^{A' — D) = 1 
and 2 respectively, but A' 2D for the two first cases, and A' > 2D for the last case. 

If c = 2 and L>2 ^ 2 (case {2,2}), then 12 < < 16 (the case = 18 being already 
treated). We have 

{L-3D).L = -18 <0. 

By the nefness of L we must have h^{L — 3D) = 0. Since (L — 2D)'^ = — 16, we get by 
Riemann-Roch /i°(L - 2D) = ^L'^-6 + h^{R). This gives d>3 = and the two possibilities 
(do, di, 62) = (5, 3, — 6) or (5, 2, 1), the latter occurring if and only if = 12 and L is 
of type (El) or (E2) (the special cases {2,2}" and {2,2}^). The corresponding scroll types 
in the first situation are then (1, 1, 1, 0, 0) for g = 7, (2, 1, 1, 0, 0) for 5 = 8 and (2, 2, 1, 0, 0) 
for g = 9. For 5 = 7 and L of type (El) or (E2) the scroll type is (2, 1,0,0,0). 
If c = 3 and = (case {3, 0}) then = 16 or 18. We have 



{L-3D).L = L^-15<3 
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and 

{L-AD).L = L"^ -20 <0. 

This gives immediately h^{L — iD) = for all i > 3, whence d>4 = 0. Also, since c = 3, we 
must have h°{L -3D) <1. We also have by Riemann-Roch /i°(L - 2D) = - 8 + h^{R). 

Let us first consider the case g = 9. Then we have {do,di,d2,d3) = (5,5- h^{R), h\R) - 
h°{L - 3L»),/i°(L - 3D)). If h^{R) = 0, then h^{L - 2D) = h^{L - 3D) = and 
(do, di, (^2, (is) = (5,5,0,0). The corresponding scroll type is (1,1,1,1,1). The cases with 
h^{R) = h^{R) > are {3,0}'', {3,0}^ and {3,0}^ In the first we have h^{R) = h^{R) = 1, 
whence h^{L — 3D) = and {do,di,d2,ds) = (5,4,1,0). The corresponding scroll type is 
(2,1,1,1,0). In the cases {3,0}'' and {3,0}^ we have /i°(\R) = h^{R) = 2. Uh^{L-3D) = 
(eqv. A' ^ D), we get (4,^1,^2,^3) = (5,3,2,0) and the scroll type is (2,2,1,0,0). If 
h^{L — 3D) = 1 (eqv. A' > D), we get (do, di, (^2, ds) = (5,3,1,1) and the scroll type is 
(3,1,1,0,0). 

If5 = 10, we have (4,^1,^2,^3) = {5,5 - h\R),l + h\R) - h°{L -3D), h^{L -3D)). If 
h^{R) = 0, then h^{L - 2D) = 1 and /i°(L - 3D) = and (4,^1,4,4) = (5,5,1,0). The 
corresponding scroll type is (2, 1, 1, 1, 1). The cases with h^R) > are {3,0}", {3,0}^ and 
{3, 0}*^ as in the case g = 9. Arguing as in that case, we get (do, di, 4, d^) = (5, 4, 2, 0) and 
scroll type (2,2,1,1,0) in the case {3,0}" (where h}{R) = 1), and we get (do, di, d2, ds) = 

(5.3.3.0) and scroll type (2,2,2,0,0) \ihP{L-3D) = (eqv. A' i- D), and {do,di,d2,d3) = 

(5.3.2. 1) and scroll type (3,2, 1,0,0) if /i°(L - 3D) = 1 (eqv. A' > D) in the two latter 
cases (where h^{R) = 2). 

If c = 3 and L>2 = 2 (case {3, 2}), then = 16 or 18. We have 

{L - 3D).L = - 21 < 0, 

whence h^{L — iD) = for all i > 3, whence d>3 = 0. By Riemann-Roch, h^{L — 2D) = 
^L^ -8 + h\R) and we have (do,di,d2) = {6,A - h\R),^L'^ - 8 + h^{R),0). 

If g = 9 and h^{R) = 0, then (do,di,d2) = (6,4,0) and the corresponding scroll type 
is (1,1,1,1,0,0). The case with h}{R) > is given by {3,2}". In this case we have 
(do,di,d2) = (6,3,1) and the corresponding scroll type is (2,1,1,0,0,0). 

If g = 10, then we automatically have h^{R) = 0, whence (do,di,d2) = (6,4, 1) and the 
corresponding scroll type is (2, 1, 1, 1, 0, 0). 

We will summarize these results below. 

Furthermore, we can prove, by arguing with lattices that all the cases mentioned above 
exist, and calculate the number of their moduli. In many cases, we can also explicitly find 
an expression for L in terms of D and some smooth rational curves on the surface. Also, 
by studying the Picard lattices, we can find the curves that are contracted by L, and hence 
find the singularities of the generic surfaces in question. 

All these informations are also summarized below, in section Hi .51 

11.4. Some concrete examples. In this section, we focus on some concrete examples, to 
give the reader an idea of the proofs. We then leave all the other cases to the reader, and 
conclude the section by giving the list of all projective models of genus < 10 in section Hi .51 

Example 11.6. We start with an easy case: g = 6, c = 1, D^ = and the scroll type 
(3, 1, 0). This occurs if L is of type {1, 0}" with A' > D (and also 1Zl,d = {r}). By arguing 
as in the proof of Proposition 13.71 we find that L ~ 3D + 2r + To + Ti, where F, Fq and Fi 
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are smooth rational curves, with the following configuration: 

D r Ti 



To. 

By Propositions ll.4l a,nd ll.5l there is an algebraic K3 surface S with Picard group Pic S = 
ZD © Zr © ZFq © ZPi and intersection matrix 



L»2 


D.r 


D.To 


D.Ti ' 




" 


1 


1 





T.D 


r2 


T.To 


r.Pi 




1 


-2 





1 


To.D 


To.r 


^ 


ro-Pi 




1 





-2 





Ti.D 


Ti.r 











1 





-2 



and such that L := 3D + 2r + Pq + Fi is nef (whence by Riemann-Roch D and Pq > 0). 

We have D.L — D^ — 2 = 1. To show that L is base point free and of Clifford index 1, it 
suffices to show that there is no effective divisor E such that E"^ = and E.L = 1 or 2. 

Set E ~ xD + yP + zTq + u;Pi. Since we can assume E £ A^{L), and E base point free, 
we easily see that 

^.Po = x-2z = or 1, 

whence 

E.L = 3x + z = 7z or 7z + 3, 

which can never be equal to 1 or 2. 

By Riemann-Roch either P > or — P > 0. If the latter is the case, write P = —7, and 
we then have D = Dq + j with Dq > 0, since D.7 = — 1. Therefore, we can write 

L ~ 3{Do + 7) - 27 + Po + Pi = 3Do + 27 + Po + Pi- 

We can use the same argument if —Pi > 0, so possibly after a change of basis, we can 
assume D, P, Pq and Pi > 0. It is then easy to check that D is nef, whence a perfect 
Clifford divisor. 

Example 11.7. Let us consider the case g = 9, c = 2, L>2 = and the scroll type (3, 2, 1, 0). 
This occurs if L is of type {2,0}" with A' > D (and also TZl,d = {r}). An analysis as in 
the proof of Proposition 13 . 71 shows that L is one of the following three types: 

(a) L ~ 3D + 2P + Pi + P2, with the following configuration: 



D P 




r2 Pi 



(b) L ~ 3D + 2P + Pi + P2, with the following configuration: 
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L ~ 3D + 2r + Fi + r2 + • • • + r^+a, for n > (in general n = 0) with the following 
configuration: 

D Ta 

I 
I 
I 

2+3- 

(Actually case (b) can be looked at as a special case of case (c), with "n = —1".) 

One can easily show that both cases (a) and (b) do not occur with a Picard group of 
rank < 4, and case (c) does not occur with a Picard group of rank < 5. We now show that 
both case (a) and (b) occur with a Picard group of rank 4. 

We first consider case (a). 

By Propositions ll.4l a,nd ll.5l there is an algebraic K3 surface S with Picard group Pic S = 
ZD © Zr © ZFi © ZPa and intersection matrix corresponding to the configuration above, 
and such that L := 3D + 2r + Pi + Fa is nef (whence D, Fi, F2 > by Riemann-Roch). 

We calculate D.L — D^ — 2 = 2. To show that L is base point free and that Cliff L = 2 
with Z) as a perfect Clifford divisor, it will suffice to show that there are no divisor B on S 
satisfying = 0, B.L = 1, 2, 3 or B"^ = 2, B.L = 6, and that D is nef. 

Write B ~ xD + yF + zTi + WT2. Since we can assume B € A^{L), and B base point 
free, we easily see that 

B.T2 = x-2w = or 1, 

and 

B.Ti = X + y -2z = 0,1 or 2. 
By the Hodge index theorem one also finds 



B.D = y + z + w 

Also, we have 



1 if ^2 ^ 0, 

2 if ^2 = 2. 

1,2,3 if 52 = 



B.L = 4x + 3z + t(; = I g' ' if b"^ = 2 

One checks by inspection that these four equations have no integer solutions. 

By Riemann-Roch, either F > or — F > 0. As in the previous example, possibly after a 
change of basis one can assume that F > and that D is nef, whence perfect. 

We now consider case (b). 

Again by Propositions 11.41 and 11.51 there is an algebraic K3 surface S with Picard group 
Pic S = ZD © ZF © ZFi © ZF2 and intersection matrix corresponding to the configuration 
for (b) above, and such that L := 3D + 2F + Fi + F2 is nef (whence D and F2 > by 
Riemann-Roch) . 

We calculate D.L — D^ — 2 = 2. To show that L is base point free and that Cliff L = 2 
with D as a perfect Clifford divisor, it will again suffice to show that there are no divisor 
S on 5 satisfying B^ = 0, B.L = 1,2,3 or B^ = 2, B.L = 6, and that D is nef. 

Write B ~ xD + yT + zTi + WT2 as before. Again by the Hodge index theorem and since 
we can assume B £ A^{L), and B base point free, we get 

B.D = y + 2w = ^^ ifS2 = 2, 
B.T2 = 2{x-w) = or 2, 

and 

B.Ti = y-2z = -1,0, or 1 
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(since we do not know whether it is Fi or — Fi which is effective). Combining these equations 
with 

B.L = 2{2x + y + 2w), 
we find no integer solutions. Again, possibly after a change of basis, we get that D is perfect 
and that all D, F, Fi and F2 > 0. 

We can also check which curves are contracted by L. 

In case (a), the only contracted curve is in general F, so all surfaces in that family has 
an Ai singularity, and the general surface has only such a singularity. Furthermore S" is 
then in general smooth. 

In case (b), the only contracted curves are in general F and Fi , so all surfaces in 
that family has an A2 singularity, and the general surface has only such a singularity. 
Furthermore S" is then necessarily singular. 

By comparing with the table on pageEHl we then find that case (a) has 61 = 3 and case 
(b) has 61 = 2. 

Example 11.8. As an easy example we consider the case g = 10, c = 1, L>2 = and the 
scroll type (5, 2, 1). This occurs if TZl^d = and h^{L — 5D) = 1. An analysis as in the proof 
of Proposition 13.71 shows that L ~ 5D + 3Fi + 2F2 + F3, with the following configuration: 

D Fi F2 F3. 

One can easily show that this cannot be achieved with a Picard group of rank < 4. 

By Propositions 11.41 and 11.51 again there is an algebraic K3 surface S with Picard group 
Pic S = ZD © ZFi © ZF2 © ZF3 and intersection marix corresponding to the configuration 
above, and such that L := 5D + 3Fi + 2F2 + F3 is nef (whence D and Fi > by Riemann- 
Roch). 

We calculate D.L — — 2 = 1. To show that L is base point free and that Cliff L = 1 
with Z) as a perfect Clifford divisor, it will suffice to show that there is no divisor E on S 
satisfying E'^ = 0, E.L = 1,2 and that D is nef. 

By the Hodge index theorem 36E.D < {E + Dfl'^ < {{E + D).Lf < 25, whence 
E.D = 0. Writing E ~ xD + yTi + ZT2 + wT^, we get 

E.D = y = 0, 

whence 

E.L = 3x + y = 3x^1 or 2. 

Possibly after a change of basis, we get that D is perfect and that all D, Fi, F2 and 
F3 >0. 

One finds that the only contracted curves with this Picard group are F2 and F3, so the 
general surface in this family has an A2 singularity. 

Example 11.9. We give a more involved example: g = 10, c = 2, = and the scroll 
type (3, 2, 1, 1). This occurs if TZl,d = and h^{L — 3D) = 1. By the table on page 62, we 
must have 61 = 3 or 4, and we will now show that both these cases exist (with the number 
of moduli 17 and 16 respectively). 

One easily sees that there is no way to achieve this situation with a Picard group of rank 
< 3. We will now show that it is possible with a Picard group of rank 3. 

By Propositions ll.4l a,nd ll.5l there is an algebraic K3 surface S with Picard group Pic S = 
ZD © ZFi © ZF2 and intersection matrix 



D^ D.Ti D.F2 
Ti.D Ff F1.F2 
T2.D F2.F1 F2 



2 
2 -2 1 
1 -2 
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and such that L := 3D + ITi + r2 is nef (whence by Riemann-Roch D and Fi > 0). 

We have D.L — — 2 = 2. To show that L is base point free and of Chfford index 2 
with -D as a perfect Chfford divisor, it suffices to show that there is no effective divisor B 
such that = 0, B.L = 1, 2, 3, or = 2, B.L = 6. 

By the Hodge index theorem one has 



L^{B + Df < {{B + D).L)'^ = {B.L + 4)^ 



ISiB"^ + 2B.D) 

which gives B.D < 1. 

Writing B ~ xD + yTi + zT2, we have B.D = 2y, whence y = 0. 

Since either r2 > or — r2 > and we can assume B € A^{L), we must have B.r2 = 
y — 2z = —2z = —1, 0, 1. We therefore get z = 0. 
So S is a multiple of -D, a contradiction. 

Possibly after a change of basis, we get that D is perfect and that also r2 > 0. 

One finds that the only contracted curve with this Picard group is r2, so that all surfaces 
in this family have at least an Ai singularity, and the general such surface has such a 
singularity. By comparing with the table on page ESl we see that we must have 6i = 4. 

But there is also another family of surfaces. Again we find that there is an algebraic K3 
surface S with Picard group Pic S = ZD ® ZFi ® Zr2 © ZPs and intersection matrix 

D^ 
Ti.D 
T2.D 
Ts.D 

and such that L := 3D + Fi + r2 + Fs is nef. 

One can show that Cliff L = 2 with D as a perfect Clifford divisor (again after possibly 
changing the basis). Furthermore, one finds that with this lattice, there are no contracted 
curves, whence S' is smooth. By comparing with the table on page CHI we see that we must 
have bi = 3. 

11.5. The list of projective models of low genus. We will now summarize essential 
information about birational projective models S' of K3 surfaces of genera 5 < g < 10. In 
some cases we are able to give a resolution of S' in its scroll T. When we are not able to 
do this, we give the vector bundle a section of which cuts out S" in Tq ~ P{£) (which is 
the dual of the vector bundle Fi in the resolution 

>F2^Fi^Oto^ Os" 0.) 

This vector bundle is a direct sum of line bundles, which we write as a linear combination 
of the line bundles TC and T on P(f), where TC = i*Opg{l) and = 7r*Opi(l), with 



Z?.Fi 


D.r2 


D.Ts ' 




" 


2 


1 


1 


r? 


F1.F2 


F1.F3 




2 


-2 








F2.F1 


J- 2 


F2.F3 




1 





-2 





F3.F1 


F3.F2 


F2 
^ 3 




1 








-2 



T (ZP9 



Also note that we in all cases have Js'/t = i*J's"/% by Proposition 18. 6| and that in most 
cases, by Remark 18.351 the sections of F^ are constant on the fibers of i, whence they also 
give "equations" cutting out S' in T set-theoretically. 

The singularity type listed in the rightmost column of the tables below indicates that 
for "almost all" K3 surfaces in question its projective model S' has singularities exactly as 
indicated, and that none have milder singularities. By "almost all" we here mean that the 
moduli of the exceptional set of K3 surfaces in question with different singularity type(s) is 
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strictly smaller than the number of moduli listed in the middle column. These exceptional 
K3 surfaces will have "worse" singularities than the one(s) listed in the rightmost column. 

In the tables below, c is as usual the Clifford index of L, D is a perfect Clifford divisor 
and A is as defined in ((221) • To find the tables we use A' and A' as above, but since A and 
A' (resp. A and A') enjoy the same intersection and cohomology properties, we can then 
reintroduce A (resp. A). In particular, the tables below are still valid if one exchanges A 
with A'. 

g = 5 

The general projective model is a complete intersection of three hyperquadrics. The others 
are as follows: 



c 




scroll type 


# mod. 


type of L 


sing. 


1 





(1,1,1) 


18 


W{L -2D)=0 


sm. 


1 





(2,1,0) 


17 


{1,0}", A^ = -2 





In these cases Os' has the following Or-resolution: 

— > Ori-m + T) — >Ot — > Os' — > 0. 

g = 6 

The general projective model is a hyperquadric section of a Fano 3-fold of index 2 and 
degree 5. The others are as follows: 



c 




scroll type 


# mod. 


type of L 


sing. 


1 





(2,1,1) 


18 


h^{L-2D) = 


sm. 


1 





(2,2,0) 


17 


{1,0}'^, A^ = 0, A:;^ D 


Ai 


1 





(3,1,0) 


16 


{1,0}", A^ = 0, A> D W 




1 


2 


(2,1,0,0) 


18 


(EG) 


Ai 



In the three first cases Os' has the following Or-resolution: 

— > Ori-m + 2T) — >Ot — > Os' — > 0. 

In the last case, S' has a resolution: 

— > Or{-m + 2T)®OT{-m + T) 

— > Or{-2n + 2T) e Or^-m + ^) © Or{-m) 
— > Or — ^Os> — ^ 

Comments on the types of L: 

(i) L ~ "iD + 2r + Fq + Ti, with the following configuration: 

D F Fi 

To 
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g = 7 

The general projective model is a complete intersection of 8 hyperplanes in 11^2) described 
in the beginning of Section [1(11 

The other projective models are as follows: 



c 




scroll type 


# mod. 


type of L 


sing. 


1 





(2,2,1) 


18 


h^{L - 2D) = 2, /i^(L -3D) = 


sm. 


1 





(3,1,1) 


16 


h}\L - 2D) = 2, U\L - 3L») = 1 


sm. 


1 





(3,2,0) 


17 


{1,0}", = 2, A> D, A:^2D 


Ai 


1 





(4,1,0) 


16 


{1,0}", = 2, A>2D W 


Az 


2 





(1,1,1,1) 


18 


/i'J(L - 2L>) = 


sm. 


2 





(2,1,1,0) 


17 


{2,0}", A^ = -2 


Ai 


2 





(2,2,0,0) 


16 


{2,0}^ or {2,0}^ A:^ D 


2Ai 


2 





(3,1,0,0) 


15 


{2,0}^ or {2,0}^ A > L> ^^^^^ 


2A2 


2 


2 


(1,1,1,0,0) 


18 


/iU(L - 2L») = 


sm. 


2 


2 


(2,1,0,0,0) 


17 


(El) or (E2) 


2Ai 



In the cases {c,D'^) = (1,0) Os' has the following 07-resolution: 

— > Ori-m + 3J^) — >Ot — > Os' — > 0. 

In the cases (c, D^) = (2, 0) Os' has the following 07-resolution: 

^ Ori-m + {g - 1)T) 
Or{-2n + hiT) e Or{-2n + 62^) — ^ Or ^ O5' — > 0, 

with (61, 62) = (1, 1) or (2, 0) for the scroll types (1, 1, 1, 1) and (2, 1, 1, 0) and (61, 62) = (2, 0) 
for the scroll types (2, 2, 0, 0) and (3, 1, 0, 0). 

In the cases (c, D^) = (2,2) then S" is cut out in Tq by a section (which is constant on 
the fibers of i) of 

®UiOTo{2n-biT), 

where {biMMM) = (1,1,1,0) or (2,1,0,0) for the type (1,1,1,0,0), and (2,1,0,0) for 
the type (2,1,0,0,0). 

Comments on the types of L: 

(i) L ~ AD + 3r + 2ri + r2, with the following configuration: 

D r Ti r2 

(ii) The number of moduli of the case {2, 0}^ is 15, with mildest singularity A^. 

(iii) In the case {2,0}'' we have L 2,D + 2Ti + 2T2 + T'^ + T^, with the following 
configuration: 
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and in the case {2, 0}^ we have L ~ 3D + 4ro + STi + 2r2 + 2r3 + with the 
following configuration: 

D To Ti Ts 

r2 r4. 

The mildest singularity of this latter case is A^. 
(iv) The number of moduli of the case (E2) is 16, with mildest singularity ^43. 

g = 8 

The general projective model is a complete intersection of 5 hyperplanes in Grass(y^,2) C 

pl4 

The others are as follows: 



c 


D'' 


scroll type 


# mod. 


type of L 


sing. 


1 





(2,2,2) 


18 


W{L - 2D) = 3, W{L - 31?) = 


sm. 


1 





(3,2,1) 


17 


W{L - 2D) = 3, - 3Z)) = 1 


sm. 


1 





(4,2,0) 


17 


{1,0}", A' = A 


Ai 


2 





(2,1,1,1) 


18 


h}\L -2D) = 1 


sm. 


2 





(2,2,1,0) 


17 


{2,0}", A^ = 0, A:;^ D 


Ai 


2 





(3,1,1,0) 


15 


{2,0}", A"^ = 0, A> D W 


A2 


2 





(3,2,0,0) 


16 


{2,0}^ or {2,0}^= , = 2, A> D 


2Ai 


2 


2 


(2,1,1,0,0) 


18 


U^{L-2D) = 1 


sm. 


3 


2 


(1,1,1,0,0,0) 


18 


(CGI) or (CG2) 


sm. 


3 


2 


(2,1,0,0,0,0) 


16 


(CG3)-(CG7) 


3Ai 



In the cases {c,D^) = (1,0) Os' has the following Or-resolution: 

— > Ori-m + AT) — >Ot — > Os' — > 0. 

In the cases {c, D'^) = (2,0) Os' has the following 07-resolution: 

^ Ori-m + {g - 1)T) 
OT{-2n + hT)®OT{-2n + b2T) — > Or — >Os' — >0, 

with (61,62) = (2,1), except for the type (3,2,0,0), where (61,62) = (3,0). In this latter 
case, S also contains a different perfect Clifford divisor (by the footnote on page IflTjl . so S' 
can also be described as for the case {c,D'^) = (2,2). 

In the cases [cjD"^) = (2,2) then S" is cut out in Tq by a section (which is constant on 
the fibers of i) of 

etiC»ro(2W-6,^), 

where (61, 62, 63, 64) = (3, 2, 0, 0), (3, 1, 1, 0) or (2, 2, 1, 0). 

In the cases (CGI) and (CG2) then S" is cut out in Tq by a section of 

OTo{2n-2T) e Oro{2n-T)^ e Oto(2W)^ or 

OTo{2n-T)^ e 07I,(27^)^ or 

OTo{2n-2T) e Oro{2n-T)^ e OTo{2n)^ © OTo{2n + T) 
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(which is constant on the fibers of i in the first two cases). In the cases (CG3)-(CG7) then 
S" is cut out in To by a section (which is constant on the fibers of i) of 



Comments on the types of L: 

(i) Here there are two subcases, one of them is: L ~ 31? + 2r + T' + Fi + with the 
following configuration: 

D r r' 




ri r2 



The number of moduli in this subcase is 15, with mildest singularity A2. 

In the other subcase L ~ 3Z) + 2r + T' + 2ro + 2ri H + 2r7v + Tat+i + rjv+2, 

for > (in general = 0) with the following configuration: 



D r r' 



Tq Ti - - - Ttv rAr+2 



The number of moduli in this subcase is 14, with mildest singularity A2 + 2Ai . 

(ii) The number of moduli of the case {2, 0}^ is 15, with mildest singularity A3. 

(iii) The number of moduli of the case (CG2) is 17, with mildest singularity Ai. 

(iv) The number of moduh of the cases (CG4), (CG5), (CG6) and (CG7) are 15, 14, 13 
and 12 respectively, with mildest singularities ^1+^43, A^, Dq and Ej respectively. 



g = 9 

The general projective model is a complete intersection of 4 hyperplanes in S^'g, as described 
in the beginning of Section [Tnl 
The others are as follows: 
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c 


u 


scroll type 


^ mod. 


type of L 


sing. 


1 

i 


U 


(3, 2, 2j 


io 


h \L — ID) = 4, 11 [L/ — 6L)j = i 


sm. 


1 

i 


n 
U 






n \L — iL) ) = 4, z, u, tor ^ = z, 0, 4 


sm. 


1 

i 


n 
U 


(4,2, 1) 


ib 


a \L — iJJ) = 4, z, i, tor z = z, 0, 4^ ' 


Ai 


1 

1 


n 
u 




1 7 


|i, U| , /i — D 






n 


v^, ^, J^, J^j 




h'^( T, — 2D) — 1 h'^i — "^D) — n 

IL y-i-^ Li±y \ — Zi ^ III \J-J OJ— ' 1 — U 


QTTl 
Olil . 




n 


l"^ 1 1 1 

W, -L, J^j 




T, — 9n) — 7 T, — '^D) — ^ 


QTTl 
Dill . 


9 

Zj 


n 


V^, -^j "J/ 


1 7 


Uj , -rl. — ^, -rl ^ 


^1 


9 


n 
u 


1<J, i, Uj 


ID 


/9 nl'* 42 — 9 /I \ n (**) 


A- 
^1 


o 
z 


n 

u 


(3,2, i,Uj 


ib 


r9 nil /i2 9 /I \ n 
|2,U| , A = z, /I > iJ ^ ' 


A 

A2 


o 
z 


n 
U 


(A on n\ 
(4, 2,U,Uj 




|z, U| ~ 41^ + zi 1 + zi 2j or -[z, U| ^ ' 


9 A 


9 

z 


9 


I, i, U, Uj 


1 8 
io 


AX ^^ij — Ziy j — Z, /I (^iv — oi-V j — U 


sni. 


9 

z 


A 


i^, J^, -L, U, U, Uj 


1 Q 


Lj ^ ZAy 


sm. 


O 


n 

u 


n 1 1 1 1 

l-L, -L, i, J-j 


1 8 

-LO 


/lUf r _ 9r)\ _ n 
li 1 J-/ Ally } — u 


sm. 


3 





(2,1,1,1,0) 


17 


{3,0}", = -2 


Ai 


3 





(2,2,1,0,0) 


16 


{3, 0}'' or {3, 0}^ A"^ = 0, A^ D 


2Ai 


3 





(3,1,1,0,0) 


14 


{3, 0}'' or {3, 0}^ A"^ = 0, A> D 


2A2 


3 


2 


(1,1,1,1,0,0) 


18 


h^{L -2D) = 


sm. 


3 


2 


(2,1,1,0,0,0) 


17 


{3,2r 





In the cases {c,D^) = (1,0) Os' has the following Or-resolution: 

— > Or{-m + bT) — >Ot — > Os' — > 0. 

In the cases (c, L>^) = (2,0) O5' has the following Or-resolution: 

Q^Or{-m + {g-l)T) 
Or{-2n + hiT) e Or{-2n + 62^) — > Or ^ O5' — > 0, 

with (61,62) = (2,2) or (3,1) for the scroll type (2,2,1,1); (61,62) = (2,2) for the scroll 
types (3,1,1,1), (2,2,2,0) and (3,2,1,0) (^2-sing.); (61,62) = (3,1) for the scroll type 
(3,2,1,0) (^i-sing.); and (61,62) = (4,0) for the scroll type (4,2,0,0). In this latter case 
S also contains a different perfect Clifford divisor (by the footnote on page m|l . so S' can 
also be described as in the case (c, L>2) = (2, 2) (with perfect Clifford divisor 2L» + Ti + r2 
or D + Aq). (The {2,0}^^ case of the table corresponds to {L ~ AD + 2Ao)). In the case 
(c, D^) = (2, 2) then S" is cut out in Tq by a section (which is constant on the fibers of i) of 

Oto (2H - 3^) e Oto {2H - 2Tf ® Or,, (2W). 

In the case {c^D'^) = (2,4) then S" is cut out in Tq by a section (which is constant on 
the fibers of i) of: 

Oro(2n - 2Ff e 07^,(2^ - Tf e Or{2nf. 

We also have that 5' is the 2-uple embedding of the quartic ^d{S) if and only if D is not 
hyperelliptic. If D is hyperelliptic, then there is an elliptic pencil \E\ such that E.D = 2. 
Then E is also a free Clifford divisor for L and defines a scroll T(2, E) containing S' . The 
07-(2,_B)-resolution of Os' is given in Proposition 18.391 

In the cases {c, D'^) = (3,0) we have an Or-resolution of Os' of the following type: 

— > Or{-5n + 8T) (Bl^^Ori-Sn + aiJ^) 

etiOr(-2W + 6i.F) ^ Or ^ Os' 0, 
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with a, = 3 — bi, for all i. For the smooth scroll type (1, 1, 1, 1, 1) we have 62, b^, 64) = 
(2,1,1,1,1) or (2,2,2,0,0). For the scroll type (2,1,1,1,0) we have (61, ^2, ^3, ^4) = (2,1,1,1,1), 
(2, 2, 1, 1, 0) or (2, 2, 2, 0, 0). For the remaining two singular scroll types we have (61, 62, ^4) = 
(2,2,1,1,0) or (2,2,2,0,0). 

In the case (c, £)^) = (3,2) with scroll type (1,1,1,1,0,0) then S" is cut out in Tq by a 
section (which is constant on the fibers of i) of: 

Oro{2n-2J^) © Oro{2H-J^f © Oroi^Uf or 

OTo{2n-j^y © OTA2n) 

In the case {c,D'^) = (3,2) with scroll type (2,1,1,0,0,0) then S" is cut out in Tq by a 
section (which is constant on the fibers of i) of: 

Oro{2n-2Tf © OT^{2n-J^) © Oro(2W)^ or 
Oro{2H-2J^y © OrJy2n-J'f © Oro{2Hf. 

Comments on the types of L: 
(i) L ~ AD + 2ri + r2 + Fs, with the following configuration: 

D Fi F2 



or L ~ 4L' + 3ri + - • • + 3rAr + 2FAr+i + Fjv+2 + rjv+3, for > 1 (in general = 0) 
with the following configuration: 

D Fi - - - Fjv Tat+i FAr+2 

(ii) L ~ 3-D + 2F + Fi + F2, with the following configuration: 

D F 




r2 Fi 

(iii) L ~ 3-D + 2F + Fi + F2, with the following configuration: 

D F Fi 



or L ~ 3L> + 2F + Fi + F2 + 
following configuration: 



+ Fjv+3, for ./V > (in general .A'^ = 0) with the 
-D 




(iv) The number of moduli of the case {2,0}^ is 16, with mildest singularity ^3. 
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(v) The number of moduli of the case {3, 0}^ is 15, with mildest singularity A3. 

(vi) In the case {3, 0}'' we have L 3D + 2ri + 2T2 + Fs + r4 + Fs, with the following 
configuration: 

D Ti Ts 

Ts r2 r4. 

or L ~ 3D + 2ri + r'^ + 3r2 + • • • + 3rjv + 2r7v_|_i + r + r jv+a , with the following 
configuration: 

D r2 Ftv Tat+i rAr+2 

Ti r'l Ttv+s- 

In the case {3, 0}^= we have L ~ 3Z) + T + 4ro + 3ri + + 2r3 + with the 
following configuration: 

D To Ti Ts 

r r2 r4. 

The mildest singularity of this case is A^. 

g = 10 

The general projective model is a complete intersection of 2 hyperplanes in the homoge- 
neous variety S^g, as described in Section fTOl 
The others are as follows: 
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c 


L> 


scroll type 


^ mod. 


type of L 


sing. 


1 

i 


n 
U 


(3,3,2) 


io 


II [L — ZJJ) = 0, 11 [1j — oU) = Z, 11 \L — 4i/) = U 


sm. 


1 
1 


n 
u 


/'/I 9 9^ 


ID 


fiU/r 9 c; ^U/r Q D"! 9 /lU/'r /I D"! 1 

/I t^ij — ziv j — 0, /t t^ij — oj-^ j — z^ n [ij — j — i 


srti. 


1 

_L 


n 




1 7 


/7'J(r — 9/11 — ^ /7'J(/', — 3 0^1 — 3 /j^Vr — 40"! — 1 


QTTl 
olil. 


1 


(1 






/" — "in'"! — 1 


4 1 


1 







18 


11 Ol" L ~ 6D + 3r 


^1 


2 





(2,2,2, 1) 


18 


/i^(L - 2D) = 3, /i"(L - 3D) = 


sm. 


2 





f3 2 1 1) 


17 


/i°(L - 2D) = 3 h^(L - 3D) = 1 


A^ 




n 


{o, ^, 1, i; 


1 fi 

J- LI 


h^(T, — on) — 3 h'^(T, — ^D) — 1 


QTTl 
Gill. 


9 


n 
u 


[6, z, Z, Uj 


1 7 


/9 nl'J 42-/1 /lO//! n"! — 1 4^9n (™) 




9 


n 
u 


[6, 6, i, Uj 


1 fi 
ID 


-j^Z, Uj , ^ — li y/i — U ) — Z, -ri. ZU ^ ' 




9 


n 
u 


('/I 9 1 

(4, Z, i, Uj 


ID 


-j^Z, Uj- , /I — 4, > ZU ^ ' 


9 4, 


9 

Li 


Li 


{O, Z, i, U, Uj 


1 Q 


r, ~ 3n 


QTTl 


3 





V^, -^5 


18 


U\L - 2D) = 


sm. 


3 





(2,2,1,1,0) 


17 


13, or, = 


^1 


3 





(2 2 2 0) 


16 


(3 0)'' or 13 Ol*" = 2 A'i- D (''"^ 


2^1 


3 


n 


(3 9 1 n 0^1 

{O, Z, i, U, Uj 


1 ^ 


is Dl^ 4^ — 9 4 > D (^^^^) 
10, Uj , -Ti — tt. ^ j_y ^ ' 


24i 


o 




u 


("J, ^, J-, u, Uj 




-fs 4^ — 9 4 ^ n (^^) 

^0, Uj ; Z, ^ -L/ 


4i 4- 4o 


3 





(3 2 1 0) 

\ 5 ? 5 ? / 


14 


13 01-'= — 2 A> D 


A'i 


3 





(3,2,1,0,0) 


14 


{3,0}^ ^2 ^ 2, A > L> 


^4 


3 


2 


(2,1,1,1,0,0) 


18 


W{L -2D) = 1 


sm. 


3 


4 


(2,1,1,0,0,0,0) 


18 


(EG) 


Ai 


4 


2 


(1,1,1,1,0,0,0) 


18 


(CGI)' or (CG2)' 


sm. 


4 


2 


(2,1,1,0,0,0,0) 


16 


(CG3)' or (CG4)' 


3Ai 



In the cases {c,D'^) = (1,0) O5/ has the following Or-resolution: 
— ^ Ot{-3'H + 6:r) — ,Or — > Os> — > 0. 
In the cases (c, D^) = (2,0) Og' has the following O-r-resolution: 

^ 0r(-4H + (5 - 1)^) 
Or{-2H + biJ^) e Or{-2n + 62^) ^ Or ^ 0, 

with (61,62) = (3,2) or (4,1) for the scroll type (4,2,1,0), (61,62) = (3,2) for the scroll 
types (2,2,2,1), (3,2,1,1) (smooth), (3,2,2,0) and (3,3,1,0), and (61,62) = (4,1) for the 
scroll type (3, 2, 1, 1) (yli-sing.). 

In the case (c, D^) = (2,2) then S" is cut out in Tq by a section (which is constant on 
the fibers of i) of 

Oto i^n - 4j^) © Oto (2H - 3J^) © Oto (2H - 2J^) © Oto (2H) . 

or of 

OToi2n - 3J^)^ ® OT.C^n). 

In the cases (c, D^) = (3, 0) we have an Or-i'esolution of Os' of the following type: 

— ^ Or(-5?i + 9^) — ^ ®I^^Or{-3H + aiJ^) 
®I^^OT{-2n + biJ^) ^ Or ^ Os' 0, 

with aj = 4 — 6i for all i. 

For the smooth scroll type (2, 1, 1, 1, 1) we have (61, 62, 63, 64) = (2, 2, 2, 1, 1). For the scroll 
type (2,2,2,0,0) we have (61,62,63,64) = (2,2,2,1,1) or 
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(2,2,2,2,0). For the remaining two singular scroll types we have 

{hiMMM) = (3,3,2,0,0), (3,3,1,1,0), (3,2,2,1,0), (2,2,2,1,1) or 
(2,2,2,2,0). 

In the case {c,D^) = (3,2) then S" is cut out in Tq by a section (which is constant on 
the fibers of i) of 

Oto {2n - 2Ff ® Oto im - ® 20t^ {n). 

In the case {c,D'^) = (3,4) then S" is cut out in Tq by a section (which is constant on 
the fibers of i) of 

0ro(2H - 2Tf © Oro{2n - Tf © OrilUf . 
In the cases (CGI)' and (CG2)' then S" is cut out in Tq by a section of 

Ot,{2'H-2J^) © OT,{2n-ry © Or,{2nf or 
OT,,{2n-r)^ © Ot,,{2HY or 

C>ro(27i-2J^) © OrS^n-7f © Or^{2nf © Or^{2U^J'), 

where the last option occurs only for the case (CG2)' (the section is constant on the fibers 
of i in the first two cases). 

In the cases (CG3)', (CG4)' then S" is cut out in Tq by a section (which is constant on 
the fibers of i) of 

Or,,{2n-2Tf © Or^{2n-Tf © Or^iTtif or 
OrX^n-2J^f © OrX^n-J=f © OrX^Hf- 

Comments on the types of L: 

(i) L ~ 5-D + SFi + 2r2 + Fa, with the following configuration: 

D Ti r2 Ts 

(ii) L is in general of the form L ~ ZD + + with the following configuration: 

D — Ti 

(iii) L is in general of the form L ~ SD + Fi +r2 + r3, with the following configuration: 




r2 Tg 

(iv) L is in general of the form L ~ 3-D + 2r + Fi, with the following configuration: 



D r 




Ti 

(v) L ^ 3D + £^ + 2r + Fi, where £^ is a smooth elliptic curve, with the following 
configuration: 

D r Ti 



E 
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(vi) L is in general of the form L ~ 4£)+2r+2ri+r2, with the following configuration: 

D Ti r2 



(vii) The number of moduli of the case {3, 0}'^ is 15, with mildest singularity ^3. 

(viii) L is in general of the form L ~ 3D + 2ri + + ^3 + ^4, with the following 
configuration: 

D Ti 



(ix) L is in general of the form L ~ 3D + 2ri + 2r2 + Fa + with the following 
configuration: 

D Ti r4 



(x) L is in general of the form L ~ SD + 4ro + 2ri + 2r2 + Ta + r4 , with the following 
configuration: 

D To Ta 



r4 Ti r2 

(xi) L is in general of the form L ~ 3D + 4ro + 3ri + 2r2 + 2ra + r4 , with the following 
configuration: 

D To r2 



(xii) 
(xiii) 



r4 Fa Ti 

The number of moduli of the case (CG2)' is 17, with mildest singularity Ai. 
The number of moduli of the case (CG4)' is 15, with mildest singularity Ai + A3. 



Pic S, 5 
X, 4 
P(f), 7 
{Dx}, 8, 17 
Da, 8, 17 
8 

di, 8 
^(L), 9 
9 

A'{L), 9 
F, 9, 27 

ffS, 10 
A, 12, 20 

(Q), 12 
(EO), 13 
(El), 13 
(E2), 13 

T = T{c,D,{Dx}), 17 
5", 19 
V, 19 
R, 20, 27 
7^i,D, 20 
(E3), 21 
(E4), 21 
V, 21 
Xi, 21 
Pi, 21 
nii, 21 
9<,A, 21 
^A, 22 
Z\ 22 
22 

< Z >, 22 
Fo, 27 
A, 27 
n, 36, 41 
Jf, 36, 41 
Pi, 36 

36, 56 
S, 38 

38 
S", 39 
fif, 39 
To, 41 
Ho, 41 
Hr, 42 
42 

S^, 43 

y^, 43 

S{V^), 43 
iiA, 43 
Pij, 43 
6?, 54 
53 

drian + bJ^), 57 
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(5i, 66, 67, 71, 78, 80 
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54, 71 
52,«,i, 78 
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(CGI), 85 
(CG2), 85 
(CG3), 86 
(CG4), 86 
(CG5), 86 
(CG6), 86 
(CG7), 86 
(CGI)', 87 
(CG2)', 87 
(CG3)', 88 
(CG4)', 88 
A', 89 
A', 89 
Ao, 90 
{c,D^}, 90 

adjunction formula, 4 
arithmetically normal, 43 

Betti-number, 42 
big, 4 

Brill-Noether general curve, 83 
Brill-Noether (BN) general K3 surface, 83 

CliiTord dimension, 10 
Clifford divisor, 12 
Clifford index of a curve, 10 
Clifford index of a line bundle on a curve, 10 
Clifford index of a line bundle on a K3 surface, 
21 

Clifford index of a polarized K'.i surface, 11 
compute the Clifford dimension, 11 
compute the Clifford index, 10 
contribute to the Clifford index, 10 

Euler characteristic, 4 
exceptional curve, 11 

free Clifford divisor, 12 

general position, 46 
gonality, 10 

graded Betti-numbers, 433 

Hodge index theorem, 4 
hyperelliptic curve, 10 



Koszul cohomology, 4, 43 
Koszul complex, 43 
K3 surface, 4 
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maximally balanced type, 8 
minimal graded free resolution, 43 

nef, 4 

perfect Clifford divisor, 26 
Picard group, 4 
Picard lattice, 4 
property Mq, 50 
property Np, 49 

rational normal scroll, 7 

rational resolution of singularities, 42 

Riemann-Roch, 4 

rolling factors coordinates, 59 

scroll type, 7 
Syzygy Theorem, 44 

trigonal curve, 10 
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